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Abstract

We study the estimation of bilinear forms from noisy, partially observed tensor data. The signal
follows a Tucker2 model, with shared unit and time factors across tensor layers and slice-specific cores.
The missingness pattern is structured and motivated by staggered adoption designs, which are common
in causal inference and related applications. We first analyse the four-block missingness pattern, the basic
building block for general staggered adoption, and propose a spectral algorithm that pools information
across layers and targets the functional directly, rather than completing the entire tensor. We prove
a non-asymptotic mean squared error bound that exhibits a phase transition in the number of layers,
showing when pooling improves estimation, and match it with a local minimax lower bound up to
constants. We then extend the construction to general staggered adoption designs via an anchored four-
block reduction, and derive analogous theoretical guarantees. Finally, we validate our theoretical findings

through experiments on both simulated and real-world datasets.

1 Introduction

Causal inference can naturally be formulated as a missing data problem. For each unit, only the poten-
tial outcome associated with the realised treatment path is observed, while the potential outcomes under
alternative treatment paths are counterfactual and remain unobserved. This is what Holland (1986) calls
the fundamental problem of causal inference. In applications, the resulting missingness mechanism may take
different forms. In controlled or well-randomised settings, treatment assignment may be approximately inde-
pendent of the potential outcomes. In observational settings, however, treatment assignment often depends
on measured or unmeasured factors that are also related to the outcome. The missing untreated outcomes
are then plausibly missing not at random (MNAR), as their absence is induced by treatment, and treatment
timing may itself carry information about the latent untreated trajectory. Nevertheless, the missingness
pattern is usually not arbitrary, since adoption typically induces a structure in the observed entries.

One important example, and the one studied in this paper, is staggered adoption (Athey and Imbens,

2022). For each given treatment, units are observed over multiple periods, and each unit may begin treatment



at its own adoption time. Once treatment has begun, it is irreversible in the sense that the unit remains
treated in all subsequent periods. From the perspective of untreated potential outcomes, the data are
therefore observed for all units before their adoption times and missing for treated units after adoption,
hence, if units are ordered by adoption time and periods are ordered chronologically, the resulting untreated-
outcome matrix exhibits a staircase pattern. The simplest form of such a missingness structure is the
four-block setting illustrated in Figure 1 and analysed in Section 2. This design is common in policy
evaluation; for instance, the COVID-19 policy tracker, available on GitHub, shows that many interventions,
such as international travel controls or income-support policies, are implemented in a staggered fashion. This
dataset is also an example where missingness is likely MNAR, as policies aimed at containing the virus are
more likely to be adopted in places where the disease burden is higher.

A common strategy in causal panel data is to impute the missing untreated potential outcomes and
use the completed panel to estimate causal quantities such as average treatment effects or contrasts. Low-
rank matrix completion provides a natural framework for this task. Although such methodologies were
developed mainly for missing completely at random observation patterns (e.g., Candes and Recht, 2009;
Keshavan et al., 2010; Negahban and Wainwright, 2012; Koltchinskii et al., 2011; Klopp, 2014; Chi et al.,
2019), they can be repurposed in causal panels by treating unobserved untreated outcomes as missing entries
of an approximately low-rank matrix. Athey et al. (2021) formalised this connection by relating low-rank
matrix completion to two classical approaches in causal panel analysis, unconfoundedness-based methods
(e.g., Imbens and Rubin, 2015) and synthetic-control methods (e.g., Abadie, 2021), and proposed estimating
the missing counterfactual entries through nuclear-norm penalised least squares.

A subsequent literature has developed matrix-completion methods for MNAR settings with structured
missingness. Choi and Yuan (2026) study staggered adoption designs and extend the nuclear-norm approach
of Athey et al. (2021) by partitioning the missing entries into groups and applying convex relaxation within
each group. They prove /., estimation error bounds that improve on the Frobenius-norm bound obtained
in Athey et al. (2021). Similarly, Agarwal et al. (2026) study a related problem with row and column side
information, providing Frobenius-norm guarantees for an estimator based on sieve projection and nuclear-
norm penalisation. Alongside optimisation-based approaches, spectral methods emerge as a parallel line
of work for MNAR matrix completion. In this regard, Yan and Wainwright (2024) consider panels with
staggered adoption and propose a spectral algorithm based on singular value decomposition and prove non-
asymptotic entrywise guarantees as well as Gaussian approximations. Related factor-based approaches,
including Bai and Ng (2021) and Cahan et al. (2023), exploit tall and wide observed blocks to estimate
latent factors and impute missing panel entries. Finally, as a third line of research, Agarwal et al. (2023)
developed a completion method based on synthetic nearest neighbours for a broad class of MNAR patterns,
with ¢, error bounds and asymptotic normality.

The primary target in much of this literature, however, remains recovery of the missing matrix, either
as a whole or entry by entry. The problem of estimating general bilinear forms is briefly mentioned by Xia
et al. (2024, Appendix C), but no theoretical guarantees are provided for this target. Instead, existing error
bounds are typically stated for full-matrix recovery, for instance in Frobenius norm or entrywise £, norm.
These results are valuable, but they are not tailored to the objectives that often arise in applications, where
the parameter of interest is a lower dimensional causal functional, such as an average treatment effect or a

policy-weighted aggregate over a target population. Estimating the full matrix and then applying the desired
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functional is a natural plug-in approach, but it need not be statistically or computationally efficient for the
functional itself. This motivates the study of direct methodologies for estimating causal functionals under
structured missingness.

Furthermore, many causal inference applications involve multiple treatments. The COVID-19 policy
setting provides a simple example where several interventions, such as school closures, travel restrictions,
and income-support measures, may be observed for the same time periods. Analysing each policy separately
ignores common structure across treatments, while flattening all dimensions into a matrix can obscure
treatment-specific effects. A tensor representation is therefore a natural generalisation when the latent
potential-outcome object is indexed not only by unit and time, but also by treatment or policy. Recent
work has begun to develop tensor methods for causal inference, but the theory remains less developed than
in the matrix case. Auerbach et al. (2022) arrange multivariate longitudinal outcomes as a unit-by-time-
by-outcome tensor and use nuclear-norm penalisation to impute the missing entries and study COVID-19
mandates. Agarwal et al. (2025) extend synthetic-control ideas to multiple treatments using a low-rank tensor
factor model. Mandal and Parkes (2019) and Gao et al. (2025) consider tensor formulations for longitudinal
causal problems, where treatment histories are stacked along an additional tensor mode. In particular, Gao
et al. (2025) estimate the latent tensor using an inverse-probability-weighted low-rank Tucker formulation,
implemented by projected gradient descent. Their main guarantee is a non-asymptotic Frobenius-norm
bound for tensor recovery (Theorem 1). In Remark 2, they relate their framework to Athey et al. (2021),
noting that a special case reduces to a staggered-adoption panel setting with two potential-outcome matrices.

These contributions show that tensor-valued potential-outcome models arise naturally when one allows
for multiple outcomes or sequential regimes. At the same time, as in the MNAR matrix-completion literature,
existing tensor-completion theory in causal settings is still largely centred on the recovery of the latent tensor,
rather than on direct estimation of specified functionals under structured missingness. The goal of this paper
is to address these two issues jointly. First, we use a tensor model to accommodate multiple treatments,
policy regimes, or outcomes, with shared latent structure across slices and slice-specific cores that capture
heterogeneity across the third dimension. Second, we estimate functionals of the missing counterfactual
object directly, rather than taking full completion as the primary inferential goal. The functionals we study
are bilinear forms, which include several causal estimands of interest as special cases, such as average and
individual counterfactual components, as well as linear trends over time or across units. This target-specific
approach can improve statistical efficiency and reduce computational cost when only these summaries are
required. The main results are presented in Section 2 to follow.

We conclude the introduction with notation used throughout the paper. Given a third-order tensor
X € Rm*n2xns and a sequence of indices 1) = {igt), .. .,i‘(;zt)‘} C ), t € {1,2,3}, we let Xra) j» jo) €
RIC XD denote the subtensor obtained by selecting indices in each mode according to the corre-
sponding index set. That is, for all ¢t € {1,2,3}, 1 < k; < |I(t)| we set (X7a) 1 1))k koiks = Xi&)’ig)’ig.
We use the symbol e in a subscript to denote the full index set in the corresponding mode. For example,
Ko 12,0 1= X 1,12 [ng)- When an index set is a singleton, say I = {i}, we simply write ¢ in the corre-

sponding mode. We use the same indexing notation for matrices and vectors. We also denote by 04 the
(d)
J

the j-th canonical basis vector of R%. We will often omit the dependence on d and simply use e; when

null vector in dimension d, by 1,4 the all-one vector, by I; the identity matrix of dimension d, and by e

the ambient dimension is clear from the context. We also define Oy, x4, = OleL and 14, x4, = 1d11de.



For symmetric matrices A, B of dimension d, we write A > 0 if A is positive semi-definite, and A > B if
A — B = 0. We denote the trace of A with tr(A), and use diag(v) for a vector v = (vy,...,v4) to indicate a
diagonal matrix with diagonal elements equal to v;. We denote the minimum and maximum eigenvalues of
a symmetric matrix A by Amin(A) and Amax(A), respectively, and A;(A) for its j-th largest eigenvalue. For
a general matrix B, we write opmin(B) and omax(B) for its smallest and largest singular values, and o,(B)
for its j-th largest singular value. We use Po(M) := Q @ M for the projection operator, where ® is the
Hadamard product of two matrices. Also, SVD,.(A) denotes the rank-r truncated singular value decompo-
sition of A, returning (U, 3, V), where U € R™*" and V' € R"2*" contain the top-r left and right singular
vectors, and X € R™*" is diagonal with the largest r singular values. The Moore—Penrose pseudoinverse of
A = Udiag(oy,...,0,)VT, with o; > 0, is A" = Vdiag(oy',...,07)UT. We use | - ||, for the £,-norm
of a vector, and || - ||op and || - ||z for the spectral and Frobenius norms of a matrix, respectively. We write
(-,-) for the Euclidean inner product of two vectors. The unit sphere in R? is By(d) := {z € R?: ||z|]2 = 1}.
Finally, we use O(z) to denote a quantity whose absolute value is bounded above by Cz for some universal

constant C' > 0.

2 Estimation of bilinear forms with four-block missingness

2.1 Statistical setting and main result

In this section, we present our main result on the estimation of bilinear forms in the four-block tensor setting
illustrated in Figure 1. This four-block pattern provides the simplest nontrivial setting and serves as the key

building block for the general staggered-adoption design discussed in Section 5.

For fixed dimensions N, T, K > 1, we define the deterministic missingness-pattern tensor } € RN*XTxK
where, for all j € [K],
Qoo = Ivixmy ANy e RVxT, (1)
1N2j><T1]‘ ONQJ'XTQJ‘

with N = Ny; + Noj and T' = Ty; 4+ Tb;. The tensor £ will be fixed throughout this section. We observe
Y € RVXTXK with

M(a) +g(‘l) ) M(b) + S(b)
; (2)

A P. .. M.. .+5.. N — 06,07_] 07007_] 0. 0.j 0. 0.j
Ve,oi a0 (Moo i) (M()»+5,(’,)J NA

0,0,j
where a, b, ¢ refer to the observed blocks in (1), and & € RVXTXK s guch that &, A0, 02) for all
(i,t,5) € [N] x [T] x [K]. Figure 1 illustrates the observed tensor Y for K = 3. The requirement that the
bottom-right block is missing in every layer is not crucial: what is essential is that, within each layer, every
row is either fully observed or has missing entries beginning at a common time, which may vary across slices.
Nonetheless, in this and the following sections we present our theory and methodology under the four-block
design in (1), as this notation substantially simplifies the exposition. We refer the reader to Section 5 for
the extension to more general staggered missingness designs.

As for the signal tensor M € RNXTXK for » > 1 with » < min(N,T), we assume that M admits
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Figure 1: Layer-specific four-block structure for K = 3. Each slice V. o,; contains Ni; fully observed rows and Na;
rows that are observed only in the first 71; columns. The total number of rows and columns are denoted by NV and T',
respectively. We use a, b, ¢ to denote the observed blocks and d to denote the missing block.

a Tucker2 decomposition (Kolda and Bader, 2009, Section 4) of rank (r,r, K), meaning that there exist
factor matrices U € R¥*" and V € RT*" satisfying U'U = V'V = I, and a core tensor C € R"*"*K
such that M = C x, U xo V x3 Ix. Equivalently, each layer-specific signal matrix has rank at most r and
admits the factorisation Mee; = UCeW; V' € RN*T. A proof of the equivalence between the tensor
formulation and this matrix-slice representation is given in Proposition 20 in Appendix D.3. This condition
permits heterogeneity across slices while borrowing strength through shared latent row and column spaces.
Similar modelling assumptions, often referred to as common-subspace models, have been studied in statistical
settings under complete observation (Agterberg, 2026; Arroyo et al., 2021) and are motivated by biological
applications, including neuroscience and single-cell RNA sequencing (Semedo et al., 2019; Ma and Ma, 2026).

It will also be convenient to partition U = (Uy;; U;) and V = (Vi ; Va;) according to the (Ny;, Naj)
and (T4, T5;) splits induced by slice j, where the semicolon denotes vertical stacking. Formally, for each
J € [K] we define Ui = Ujn,,],e € RNiXT and Us; = U(Ny;41,..,N}, o € RN2i%7: we define V4; and Va;
analogously. Under this notation, the unobserved bottom-right block satisfies Msdzj =U;Ce.e; VQ-;

Our focus is on estimating general bilinear forms of the missing d-blocks. Formally, fix k € [K] and unit
vectors « € Ba(Nag), y € Ba(Tor), and define

,ug;) = xTMEO,lz’k Y. (3)

In words, the goal is to estimate a bilinear functional of the unobserved block in the k-th layer of the signal
tensor M. This class of targets includes several causal estimands of interest. For example, if  and y are
constant vectors, ug;) is proportional to an average counterfactual component over the missing block. If they
are canonical basis vectors, it corresponds to an individual counterfactual component.

Our proposed estimator, presented in Algorithm 1 in Section 3, learns to predict the missing d-block
from the b-block by regressing the c¢-block on the a-block using a spectral procedure that exploits the shared-
subspace assumptions of the Tucker2 model. In this section, we present its theoretical analysis. To establish
our results, we will need some assumptions. First, because the masks (24 o ;’s may be chosen adversarially
and can induce pathological missing-not-at-random patterns, assumptions are needed to ensure that M_QZ) is

identifiable from the observed data. We build on prior work on MNAR matrix completion (Bai and Ng,



2021; Yan and Wainwright, 2024; Choi and Yuan, 2026; Agarwal et al., 2026) and impose a condition that

quantitatively controls the spectra of the restricted Gram matrices UlTj Ui; and VJ Vij.

Assumption Al. There exist 0 < ¢; < ¢, such that for all j € [K] we have

N,
co 2 I 2ULU < ey

N

Ny T, . T,
W]Im CZ?]Irjvlj‘/ljjcu%Ir-

In addition to this, our theoretical result requires the following three conditions. Throughout, ¢y > 0
and cpix > 0 denote sufficiently small absolute constants. In what follows and later sections we will also use

the additional notation summarised in Table 1 in Section 3.

Assumption A2. We have r+( < cpix min(N—r, T—r, N1, le), N—r > cpie N, and min((n, (1) < e -

Assumption A3. Define the signal-to-noise ratio quantity 0 := o 'y;iln max (\/N, VT, \/N/pT, \/NT/le) ,

and assume that 6 < cg.

Assumption A4. We define the incoherence parameters v, := \/N/r |Ugy.z|l2 and vy, := \/T/r ||Voryll2,

and assume they are of constant order.

A detailed discussion of these assumptions is deferred to Section 2.3. Finally, motivated by the preceding
conditions, we collect all admissible signal tensors into the following class. For fixed r, N, T, K, Vmin, Ymax, §2

and 0 < ¢y < ¢, we define

Flee,cy) = {M e RVXTXE - M =C x1 U %o V X3 I,
CeR>*K [T eRN*, Ve RTXT,
v'o=v'v=1l,
0 < Ymin < 0min(Cese,j) < Imax(Ceej) < Tmax < 00 for all j € [K],

Assumption (A1) holds with constants ¢, ¢, for the fixed design € }.

We can now prove our main result. In line with previous literature, we will restrict attention to ¢, > 0, as
justified by Propositions 18 and 19 in Appendix D.2. Throughout the following, we will write £ := Ymax/Vmin

for the condition number, and assume it is of constant order.

Theorem 1. Fiz absolute constants 0 < ¢y < ¢y, a tensor M € F(cy,cy), an index k € [K], and unit vectors
x € Ba(Nag),y € Ba(Toy). Let u&’;} be as in (3), and define ﬂ&’fj to be the output of Algorithm 1 run with
0< 7 <2l Assume (A2), (A3), and (Ad) with v, # 0,v, #0. Let

a?(r +<(w) a%(r +(r) 02N
Yoy i= ——— |Ugp|l3 + ———— Va3 + N 1Usll3 (| Varyll3,
PN P 1k
and further suppose that
2 2
’Ym X le — — a — —
7: N (me +pT10) + - (N +T) (pN5 +pT5) <o Yay. (4)

There exists a constant ¢1 = ¢1(¢y, Cu, Co, Clk, Ky Va, Vy) > 0 such that By [{ﬂgf;} — u&’i}}Q] <1 Yoy



All proofs are deferred to Appendix A. We first observe that the term o2 (N/Nyy) ||US,x||3]|Voryll3 is
asymmetric because Algorithm 1 uses vertical regression, predicting the missing d-block from the observed
b-block; see Section 3 for a complete discussion of this. However, applying the same construction to the
transposed tensor gives the analogous term with 7'/T7y in place of N/Nij, hence taking the better of the

two orientations yields the symmetric quantity

ot min (i 7 ) [0 BV

In light of this, Theorem 1 gives a precise upper bound on the estimation error that reveals the effect
of pooling. In particular, treating r and ( as constant-order quantities, the mean squared error is bounded
by a term of the order o2||Uj z|2p5" + o2||Voryll2p7" in the small-K regime, and by a term of order
o? min(N/Nyg, T/T1x) Uz ||3]| Voryll3 in the large-K regime. As for their interpretations, the first two
terms arise from estimating U and V, and decrease with K because these factors are common across layers.
By contrast, the third term does not decrease with K, and can be interpreted as an irreducible layer-specific
error, reflecting the difficulty of estimating Ce o . This phase transition in the rate as a function of K is
illustrated by the simulation study in Figure 3, and is complemented with local minimax lower bounds in

Theorems 2 and 3.

2.2 Comparison with existing literature

Our work is closely related to Yan and Wainwright (2024), which studies entrywise inference for causal panel
data under staggered adoption and corresponds to the special case K = 1, x = e;, and y = e;. In this
case, both methods build on the spectral approach of Bai and Ng (2021), but differ in their inferential target
and estimation procedure. Yan and Wainwright (2024, Algorithm 1) estimate missing entries of My via
completion of the full missing d-block, whereas we estimate a general bilinear form directly. More generally,
however, our setting allows K > 1, and one of our contributions is to extend this direct regress-then-denoise
approach to tensor data with four-block missingness.

The theoretical comparison is also transparent in the matrix entrywise case. When K =1, z = e;, and
y = ey, the upper bound in Theorem 1 matches their Equation 4.7 up to constants, apart from the term
proportional to ||Uqy.z|13||Varyll3. Since ||Volyll3 < 1, this term is lower order and can be absorbed into the
second one. In our tensor setting, however, it is important to keep this term explicit, as it identifies the
component of the error that does not decrease under pooling across layers and thereby characterises the
phase transition in the rate as K grows.

At the proof level, both the leave-one-block-out method used in Yan and Wainwright (2024) and our
method yield first-order expansions of ﬂé’i} — pg;@) into Gaussian terms and remainders. The main difference lies
in how the remainder terms are controlled. While their approach could in principle be adapted to the present
tensor setting, it gives remainders that are negligible only under signal-to-noise conditions deteriorating
with K. The proof of Theorem 1 instead proceeds via the Haar compression bounds outlined in Appendix E.
More precisely, we apply these bounds to a centred version of Y2, (Yfe’ft)—r, following the argument in the
opening paragraph of the proof of Lemma 6 in Appendix C. This yields an expansion of the same form

under weaker assumptions. Furthermore, compared with Yan and Wainwright (2024, Equation B.4), and



aside from allowing general unit vectors and extending the result to our tensor setting, Lemma 6 yields
|Oese Hy = U) T2l S 0V VP Cr o> + 02902, Npp U al|2, vather than ||(GieHy — U)Tall2 S
oy T Crppt " 4 0222 (N + Tip) ppt|UT 2|2, This sharper dependence on the dimensions in the
second-order term is an independent contribution of interest, and is crucial for ensuring that the signal-to-

noise requirement improves with K.

2.3 Discussion of the Assumptions

We now comment on the four assumptions needed in Theorem 1. Assumption (Al) requires UlTlej and
VJ V1, to be uniformly well-conditioned across j € [K], with eigenvalues proportional to the corresponding
block fractions Ny;/N and T1;/T. This condition is trivially satisfied with ¢, = 0, ¢, = max(N/ min;e(x] N1 ,
T/ minj¢[g) T1;). Nevertheless, Propositions 18 and 19 in Appendix D.2 establish that restricting to ¢, > 0
is necessary for (3) to be identifiable. We observe that, when ¢, > 0, we also get » < min(Ny,;,T},) for
all j € [K], which implies » < min(N,T, N1 p,,T1 ), which is the minimal dimensional requirement for the
rank-r SVDs used in Algorithm 1.

Assumption (A2) consists of mild dimension-regularity conditions, which are introduced to simplify the
statement of the final result and make it more transparent, while Assumption (A4) is a standard incoherence
condition adapted to the directions xz and y of interest.

Finally, (A3) is a signal-to-noise condition requiring the noise level to be small relative to the relevant
population signal strength. An analogous condition appears in Agterberg (2026) for estimating U in a shared-
subspace model with complete observations, where the error is measured by || sin @((7 ,U)||%. By analogy,
their Theorem 1 suggests that estimating (3) would be information-theoretically impossible without (A3);
this heuristic is further strengthened by the additional difficulty introduced by missing observations in our
setting. Furthermore, compared to Yan and Wainwright (2024, Assumption 4.3), (A3) becomes progressively
less stringent as the number of layers K increases, reflecting the benefit of pooling information across layers.
This improvement continues until the requirement saturates at a local term which cannot be further reduced
by pooling, thereby highlighting that a sufficiently strong slice-specific signal is still needed to learn Cs o k-

3 Proposed methodology for four-block missingness

We now introduce Algorithm 1 to estimate (3) for a fixed M € F(cg,¢,) with ¢ > 0. To simplify the
presentation of the method and its analysis, we introduce some notation, summarised in Table 1. We recall

that parentheses with a space denote horizontal concatenation; semicolons denote vertical concatenation.
(d)

0.0k =

Uay; (U 1T,€U1k) _1U1T,c M) 5o the missing d-block can be recovered by mapping the observed b-block through

0.0 k>

We now provide some intuition by considering the noiseless case. The key observation is that M
the linear operator Us (U, Ux) U, For arbitrary unit vectors x and y, this yields
k T pq(d T T =17 b
M:Scy) =z Mng y= <U2k €, (U1kU1k) Utk MEZk ?/>

This motivates a two-step procedure that leverages the shared-subspace assumption, where we first form

a pooled left matrix MY, = U Wlth to learn the relevant left singular subspace and hence the associated



Notation Definition Notation Definition
M) (ML, MEL ) € RN Mgy (M2 MEL ) € RV
B | e, e, ermT B | ) er
Lo ol cavi o er
ME, (]\45113) ; M(K)) RNLpXT My, (Ml(elfi : Ml(e}f:)) RVXTLp
Bl (P55 Bip)) € RV Bl (B o Big) e RY e
ho O ) e R Y2, (G - Y3D) e RV < T
Wp (U11Ca015 5 Uik Co o) € RN12XT Wiest (Vi1Cd o 15+ s VikCa o i) € RTLRXT
(Uup; Zup, Vap) | SVD,-(ME;) (Uietts Ziets, Viets) | SVD-(Mp )
(Uup, i)up, Vup) SVD,.(Y4,) (ﬁlefty Slett ‘>left) SVD,(Y{%,)
Nip S Ny Tip S Ty
PN Nip/N pr T, /T
DN max{N1p, T} pr max{N, T}
Usk (Urete) w4 ],0 € RN1EXT Uor (Oiete) (N1 41N )0 € RVZRXT
Uy’ (Uup) (g1, st Ny oo € RVIEXT Vak (Vap) {Tyg41,....7},0 € RTZEXT
Cn log(N1,p +7) ¢r log(N + T1,p)
Sk SNy ¢ max((w, (1)

Table 1: Notation used throughout the paper.

least-squares map, and then form a pooled upper matrix MP, = Wy, VT to construct a low-rank denoised
estimate of the b-block, but only through its action on y.

More precisely, if Wie, has rank r, we have SVD, (ML) = (Uiets, Ziett, Viets) With Ulery = UQies; for
some orthogonal Qe € R™*". Importantly, the operator Usy (U Ulk) 1U1Tk is rotationally invariant. One
sufficient set of conditions ensuring that Wieg is full rank is Assumption (A1) with fixed ¢; > 0, together with
Omin(Ce,e,j) = Ymin > 0 for all j € [K]; see Lemma 5 in Appendix C. On the other hand, if W, has rank r,

for the pooled upper matrix we have SVD,.(MY,) = (Uup, Lup, Vip), where Vi, = VQy, for some orthogonal

Qup € R™". Writing Uy, = (US; - U(K)) with UY) € RMi*" we have UypSyp = WapQup and
UI(IIIC))EUP = U1kCe, e,k Qup, hence Ul(lP)EUP(VUP){TM+1,...,T},O = UlkCO,O,kQupQIpVQ—IZ = Ulkc‘mkv2—ll; = Mglji,k-

This shows that also this quantity is rotationally invariant, and further ensures that no cross-alignment
between the two SVDs is required.

In the noisy setting, Algorithm 1 follows the same principle, but applied to the observed tensor ) rather
or and Yibs
horizontally stacking the blue and green blocks and vertically stacking the blue and pink blocks in Figure 1,

than the signal tensor M. Our method computes the rank-r truncated SVDs of Y formed by
respectively. This step, often referred to as Stack-SVD, exploits the singular subspaces shared across panels in
order to improve subspace estimation; see Ma and Ma (2026); Baharav et al. (2025) for theoretical guarantees
and comparisons with alternative aggregation schemes.

Another novelty of our method is the use of a clipped spectral inverse to estimate (Ul—';C Uir)~t. Specifically,
QT we define ﬁ,‘;‘;’ = Qdiag{(/\i vV T>_1}::1QT, where
We show in (24) in Appendix C that, if (A1) holds and 7 < ¢;N1;/(2N),
with high probability. However, on the complementary low-probability event,

after computing H, = (71—';[71;9 = Qdiag(Aq, ...
7 > 0 is a tuning parameter.
we have H”“’ = (U Ulk)



Algorithm 1 BILINEARTENSOR4BLOCK for the estimation of pizy (k) — zTM(d) Y in slice & of a tensor with
four-block missingness

Require: integer k& € [K], rank r, unit vectors x € Ba(Nak), y € Bo(Tn), data Y, block sizes

{(N1j7 NQj,le,T2j>}§( 1 satisfying N = Nlj + Ngj and T = le + ng for allj S [K], parameter 7> 0.
. 1 K

Form pooled left matrix Y%, « (Y1) -+ ¥5)) e RN*Tus,

Compute rank-r truncated smgular value decomposition (U]eft, Sletts Vleft) < SVD,.(Y5,)-

Set Uy, < (Uleft)[le],o and Usy, ¢ (Uleft){Nu 41,...N},e-
Compute Hj, « U1kU1k € R™", take the eigendecomposition Hj, = Qdiag(A1,...,A\)QT, and set

inv 1 T T
H T+ Qdiag ({HMX[)%T]}F) “

Form pooled upper matrix Y;p, < (Yu(é) R Yu(;()) €

Compute a( ) UQTkz eR".

RNLPXT_

Compute rank-r truncated singular value decomposition (Uyp, Sup, Vap) = SVD,. (Y-
Compute sg < Zf;ll Ny;, and extract U( ) (Uup){sk+17,,,)sk+le}7., Vop (Vup){le-H,A.wT}?r
Compute T, + Vyhy € R”, W, « £,T, € R™, and X, « U)W, € RN,

10: Compute 5}5’” — H}cn;’UITkXy eR".

(k) AR, )>'

11: return fizy < (G

spectral thresholding stabilises the inverse, since ||H }J“T’U ell2y = maxepg Ai/(A V)2 < 771 and allows
returning a nontrivial output; this may be useful to practitioners. We comment more on the role of 7 in
Figure 4 in Section 6.1.

Finally, we further elaborate on the computational complexity of our procedure. The dominant cost
is given by the rank-r truncated singular value decompositions of Y2y € RN*Tip and Yi, € RN1pxT,
which are of the order O(NTh ,r + N1 T r). After these decompositions are computed, the bilinear form
is targeted directly. Indeed, Steps 9 and 10 compute T, = V,Ly, W, = 2,1y, X, = US{;)Wy, and B@(,k)
without ever materialising the full matrix. This avoids an O(Ny;T5y 7) block-construction cost, and computes
the required action on y in O( (Tor + Nik)7) time; including the computation of d;(vk) = 02—;;10 in Step 5,
the total cost per query is O( (Nay + Tox + N1g) ). Furthermore, for the clipped inverse in Step 4, forming
H, = U], Uy}, costs O(Ny,r?), while its eigendecomposition and computing H WY cost O(r?). Taken together,
the runtime analyses of these steps also indicate that our algorithm is well suited to caching. In particular,
for fixed k, once the pooled singular value decompositions and the slice-specific regression factorisation have
been computed, each additional query costs only O( (Noy +Tor + N1g) r). When k varies, the pooled singular
value decompositions can still be reused, and the only additional slice-specific computation is the O(N1r?)

regression factorisation, giving a total cost of O(Nyx7? + (Nag + Tox, + Nig) 7).

4 Local minimax lower bounds

We next complement the upper bound in Theorem 1 by establishing local minimax lower bounds in neigh-
bourhoods of fixed tensors My that satisfy suitable conditions. The first such result corresponds to the
large-K regime. Here, for M € F(cy,cy), we write M;IZ)(M) = xTMEdzky and Zg = { My + Eij ¢
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Q= 1, (4,t,5) € [N] x [T] x [K]} for the observed entries, with the mask €2 fixed and known, and use
Paq and Epq for probability and expectation under the law of Zg.

Theorem 2. Fiz k € [K]| and unit vectors © € Ba(Nag),y € Ba(Tor). Let Mo = Co x1 Uy X2 Vo x3 Ix €
F(ce,cy). Assume that the k-th core matriz is separated from the boundary of the admissible singular-value
interval, in the sense that 0~ j := Min{omin((Co)e,e,k) — Vmins Ymax — Omax((Co)e,e,k)} > 0. For ¢ > 0 define
Floc(Mo, <) :={M € Flep, cy) : ||M = Mollp < s}. There exists a constant ¢ = c(c,,) > 0 such that

i . . N T
it s Bae [(0(Z0) — 03] = e min {o?min (5 2 ) 6282 | 10Tl 1T
¢ MEFioe(Moss) 1k

where the infimum is over all Borel-measurable functions ¢ of the observed entries Zg.

For the second result, which concerns the small-K regime, we suppose for simplicity that Ny; = N;
and T1; = Ty for all j € [K]. Under this assumption, Up1j, = Up1j, and Upsgj, = Upsej, for all
Jji,J2 € [K]. We therefore denote these common matrices by U1 and U, respectively, and adopt the
analogous convention for VO 1 and Vp 2. We define the projections Py, , == Vo2 (‘/E]TQVO’Q)_]. VOTQ, Py, , =
Uo,2 (UO—':QUO,Q) Uo 2 Vo , = I1,— Py, ,, and PI}M := In, — Py, ,. The inverses are well defined when (A1)
holds with ¢, max(N; /N, Tl/T) < 1. We also introduce wy := ||Pd5,2 Y2, wy = ||Pfj0,2 x||2 € [0, 1], which

measure the components of y and z orthogonal to the column spaces of V; 5 and Uy 2, respectively.

Theorem 3. Fiz k € [K] and unit vectors x € By(Nok),y € Ba(Tor). Set Nij = Ny and Tyj = Ty
for all j € [K]. Let Mg = Co x1 Uy Xo Vo X3 Ix € Fleg,cy), and suppose that (A1) holds with margin
0 < da1 < (cy —cp)/2, in the sense that

Ny

N-
(ce+0a1) I‘<U01U01f( —0A1) !

N

T T
— 1, (ce+9da1) 1I = Vo Vo1 = (cu —6ar) 7}-[7"

Also assume that ¢, max(Ny/N, Ty /T) < 1. There exists a constant ¢ = ¢(Cy, Ymin, Ymax) > 0 such that

2 2N
f E 7, (k) (M } S cw? mi ( 7 ) U
12 ]flocs(%t)o ) M {{(b( Q) ~ Hay ( )} Z CWy min KN, ev | |l 029C||2

2
. [T T
+ cw% min <KT1’ €2U> 1Vo,2 yll3,

where ey = min(wy /2, \/T1 /T, syt K ~Y2, \/0a1/ce, ev := min(wy /2, /N1 /N, sy L K712, \/da1/c0),

and the infimum is over all Borel-measurable functions ¢ of the observed entries Zgq.

For any M covered by both sets of assumptions, the combined results of Theorems 2 and 3 show the
necessity of the elbow behaviour in the rate as a function of K. In particular, when o? is sufficiently small
and wy,wy are bounded away from zero, taking the maximum of the respective right-hand sides yields a
lower bound of the order

2

KT

T

N
||U02 H2+ ||V02?JH2+U min HUO 2k$||2||V02ky||2
N T

KN

This matches the upper bound in Theorem 1 up to constants, rank factors, and logarithmic factors. Moreover,
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although the results above are local and stated around a fixed My, they also imply global minimax lower
bounds by taking ¢ sufficiently large so that it contains the entire parameter space.

We also observe that we are most interested in the regime where wy and wy are not small, which
is crucial for Theorem 3 to be nontrivial. To see why, start by noticing that (1 — ¢, N1/N)(1 — w}) <
omin(Uo2) (1 = wiy) < U223 < ohax
and |[Voly yll2. Assuming ¢, max(Ny/N,Ti/T) < 1 — & for & > 0, we thus get [|Uj,z|3 =, 1 — wf and
[Vola ll3 <« 1—w}. Under (A4), we have ||UJyz[|3 < /N < 1 and ||[Vylyyl|3 < 7/T < 1, hence comparisons

with Theorem 1 are most natural in the regime where wy and wy are of constant order, in fact close to one.

(Up2) (1 —w¥) <1 —w?. An analogous statement holds for wy

5 Estimation of bilinear forms under staggered adoption

5.1 Proposed methodology for staggered missingness

We now extend the four-block setting to general staggered-adoption designs. Our methodology reduces
the staggered missingness problem to simpler four-block missingness patterns by constructing pooled upper
and left matrices in the same spirit as before. The main additional challenge is to accommodate the more
complex missingness structure induced by staggered adoption. In particular, for a fixed layer j € [K],
staggered adoption means that missingness is irreversible, i.e. for each unit ¢ € [N], there is an adoption
time A;; such that Q,, ; = 1{t < A;;}. For completeness, we set A;; = oo for never-adopters.

It is useful to note that each layer has its own natural row ordering under which the corresponding
missingness mask is a staircase; these orderings need not agree across layers. Since our target will be a
bilinear form in layer k, we use the adoption-time ordering of the target layer as the common row ordering
for all slices. In other words, we permute the rows so that A, > -+ > Apng. This entails no loss of
generality, since applying a common row permutation to all layers preserves the Tucker2 structure. Under
this convention, the mask (2, o » admits an equivalent staircase characterisation: there exists an integer
or > 2 and ordered non-empty contiguous partitions [N] = Ry U---UR,,  and [T] = C1p U -+ U Cy, ik,
with |Rg| = Nak and |Cpg| = Tpk, such that Q; ¢, = 1{(i,t) € Rax X Chy, for some a,b with a+b < o;, + 1}.
This block representation will be useful in what follows, as it allows us to describe the observed and missing
regions of the target layer in terms of the staircase partitions {Rax}or, and {Cyr}yt ;.

As is apparent from the staircase representation above, the only assumption we make on € is that the
missingness pattern for the target slice {2, o 1 contains fully observed rows, corresponding to never-adopting
units, as well as an initial time period during which no unit in that slice has adopted. This is the basic
requirement that allows us to reuse the methodology developed for the four-block design. An example of a
staggered-adoption pattern covered by our framework is illustrated in Figure 2.

Having specified the structure of the missingness masks, we now introduce the signal and noise model.
As in the previous sections, we assume that the signal tensor M admits a Tucker2 decomposition of rank
(r,r, K), so that M = C x1 U x5V x3 I, where U € RV*" and V € RT*" have orthonormal columns. The
noise tensor £ has independent Gaussian entries with mean zero and variance o2, and for each j € [K] we
observe Ve o = Pa, ., (M.,.,j + 5.,.,j). Our goal here is to estimate bilinear forms over all missing entries
in layer k € [K]. For simplicity, we first focus on a specific missing block, since this is the key step needed

for the general case. In this regard, choose indices (a, b) such that a+b > o + 1, so that the block Rux x Chpi
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is unobserved. For unit vectors x € Bo(Nyi) and y € Ba(Tyi), our target estimand is the bilinear form
=2t MEN . (5)

where M%) = ak Co oV € RNanXTok | with U,y := Ug,, s € RVNe**" and Vi = Vg, e € RIRXT

0.0k

denoting the restrictions of the Tucker2 factors to specified row and column blocks.

Q1.4
f—/%
+ Qr ColAncy (2) ColAnc: (3)
1,5,4 1,5,4 A N
1 1 af 1 ={ 1
l ! o< ] g N !
Sisaq 1] : NA < 3 NA |NA < 3 NA |NA [ NA {NA [NA
ENE: g | ‘
S5 | NA | NA e NA | NA[NA |NA e NA[NA |NA
! NA {NA |NA ! NA{NA |NA @{ i P |Na
Sisad | : s : g :
| NA| ? [NA|NA @,{ ! | NA < | NA |NA {NA |NA
- AP S u"‘ e 3 e
NA | NA | NA|NA|NA < ’ NA |NA |NA |NA |NA « ’ ‘ NA |NA
2
yo,c,l yo,o,2 yo,-ﬁ

Figure 2: Layer-specific staggered adoption for K = 3, target layer kK = 1, and target block (a,b) = (5,4). Panel 1
orders the target layer by its own rows, yielding a staircase missingness pattern; the orange dotted rectangle identifies
the target rows Si15 and columns (1,4 used to form auxiliary matrices. Panels 2-3 show non-target layers under
the same target-layer ordering, with general staggered missingness. These layers provide fully observed anchor rows
RowAnc: (j) and anchor columns ColAnc;(j): blue/pink blocks form the upper pooled matrix, blue/green blocks form
the left pooled matrix, and grey blocks are discarded.

The following definitions are needed to present our algorithm. We set

ox+1-b a ox+1-a b

+ - - . + — - —

Sm U R Si= U R 0= U 0 0= U 0w
a’'=1 a’=0r+2-b b'=1 b'=o0r+2—a

Since a + b > o + 1, the lower limits oy + 2 — b and ox + 2 — a are at most a and b, respectively, so
the sets Sk__a,b and Q;a’b are non-empty and contain R, and Cp,. We also write Si o = ,ia,b U S,;mb,
Qi = Q;la’b u Ql;,a,b’ and observe that Sj , and Q;ﬁmb depend only on a, whereas Q) and S,:fmb depend
only on b.

The four index sets in display define a four-block structure in which the target missing block (a,b) is
contained in S kab X Q,; ab Figure 2 illustrates this construction, with the target block marked by a question
mark. Some entries of Si, , X @} ,, may be observed under the original staggered pattern, but we discard
them to obtain a literal four-block construction. Furthermore, to leverage the shared subspaces U and V
in the Tucker2 model, we define anchor sets that identify auxiliary fully observed rows and columns. For
Jj # k, we write ColAncy(j) :={t € Qrp : Qis; = 1foralli € Si,} and RowAnci(j) = {i € Sk :
Q¢ =1forall t € Qrp}. These correspond to periods in @y that are observed for all units in S 4, and
to units in Sk, that are observed throughout all periods in Q) p, respectively. For completeness, we also
set RowAncy (k) := Skfa’b and ColAncg (k) := Qza,b‘ These sets identify the auxiliary submatrices used to

construct the upper and left pooled matrices, as outlined in the following algorithm.
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(kab)

Algorithm 2 BILINEARTENSORSTAGGERED for the estimation of fizy TM(a -b) i y for a fixed missing

block (a,b) in slice k of a tensor with staggered adoption missingness

Require: index k € [K], missing block (a,b) with a +b > of + 1, rank r, unit vectors x € Ba(Nyx) and
y € Ba(Tyy), data Y, parameter 7 > 0.
1: Permute rows so that 2, o 1 is in staircase form.

2: Compute Sy, ;, Sk.ar QF o.p» Qr.p, and RowAncy (), ColAncy (j) for all j € [K].

3: Form pooled left matrix Yy = (Vs . coltney (1)1 ** Vs o Colines (K),K) € RISk X E55s [Coltnei ()],
4 Compute rank-r truncated smgular value decomposition (U]eft, E]eft7 ‘/]eft) < SVD, (Y%, ).

5:

Rak,e

Set U+k — (Uleft)s+ b" and Uak — (Uleft)
6: Compute H,« U kU+k € R"™" take the eigendecomposition Hy, = Q diag(\1,...,\.)QT, and set

i e (] ) @
i i=1

«~U aTk z eR".
8: Form pooled upper matrix Yp (yRowAnck(l) Qrpls " yRowAnck(K) Qr.p, K
9: Compute rank-r truncated singular value decomposition (Uup7 Zup, Vup) + SVD, (Y,

7. Compute aiF*?

) c RZJK—l |ROWAan(j)|><|Qka|.

)-
up
10: Let s E‘—1 |[RowAncg(5)], and extract Ul(lp) (Uup){sk-t,-l kST e Vi = (Vap) G0

11: Compute Ty + V,] y € R", W, « ST, € R, and X, « UEW, € RISCasl,
12: Compute Bék ab) o Hlnv UTkX E R".

13: return ,u(k o) — (& { “ b), 51(/k >

Algorithm 2 extends Algorithm 1 to the staggered-adoption setting, and reduces to it when the missing-
ness pattern has four-block form. For a fixed missing block (a, b) in layer k, the algorithm restricts attention
to Vs, ..Qu.s.e and uses the observations lying in U 1(Sk,a x ColAncy(j) x {j}) and U;il(RowAnck(j) X
Qurp x {7}) to construct an auxiliary four-block problem, discarding all remaining entries. In particular, the
left pooled matrix is formed from the anchor-column blocks Vs, . colanc(j),;> While the upper pooled matrix
is formed from the anchor-row blocks VrowAnc, (j),Qu.»,j- L his construction is illustrated in Figure 2.

Our procedure generalises Yan and Wainwright (2024, Algorithm 2) to the tensor setting and targets the
bilinear form directly, rather than reconstructing the entire missing block. Related denoising techniques,
using anchor sets and combined with PCA, were employed in Liu et al. (2026) for a different statistical
problem, where the goal is to recover the global left subspace from matrix data with blockwise missingness,
with error measured in Frobenius norm.

The auxiliary four-block construction also imposes a basic dimensional feasibility condition. In appli-
cations, the working rank must satisfy r < min(}_; ¢ ) [RowAnck ()], 3¢ [ColANCk ()], [Sk,al, [Qk.p]), sO
that the two rank-r truncated SVDs are well defined. This is only a minimal requirement for running the pro-
cedure. Even when this condition holds, additional assumptions are needed to guarantee that the resulting
estimator is accurate; the theoretical analysis of Algorithm 2 is the object of the next section.

Finally, when aggregate quantities over multiple missing blocks of the same slice are required, such as
those introduced in Appendix B.1, the most direct strategy is to apply Algorithm 2 separately to each
missing block and then aggregate the resulting estimates. This blockwise implementation recomputes two

rank-r SVDs for every missing block, leading to the quadratic-cost procedure described in Algorithm 3 in
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Appendix B.1. We also propose a reduced-anchor variant that reuses computations by caching the pooled
left SVD once for each active row block a, and the pooled upper SVD once for each active column block b.
This yields the linear-SVD-cost procedure in Algorithm 4, at the price of some loss in statistical efficiency.
Appendix B.1 provides an extensive discussion of this computational-statistical tradeoff, and Figure 5 in

Section 6.1 compares the two procedures in simulation.

5.2 Theoretical analysis

Algorithm 2 inherits the desirable properties of Algorithm 1 under analogous assumptions, with particular
care needed in adapting Assumption (A1) to the auxiliary four-block reduction. To state these assumptions
and the resulting corollary, we suppress the dependence on (k, a, b) for simplicity, and set n := |S| and t := |Q)|.
For the target layer, define ny;, := [ST| and t1; := |Q™|. For each j # k, define ny; := |RowAnc(j)| and
t1; := |ColAncy(7)|, and set ng; :=n —ny; and tg; :=t — t1;. Finally, let ny , := Zjil Ny, tp = E;il t1;,
Pu = Ny p/n, peoi= b o/t py oi= max(ng p, t), py = max(n, tip), Co = log(nip + 1), (¢ = log(n+ t,p),
Ymin = Ce 'ymin\/m and Ymax := Cu Ymax \/W We assume the following.

Assumption A5. There exist constants 0 < ¢y < ¢, such that

Nik

Nig
CEWIT = UST+US+ 2y N

n n
L, eyl 2UgUs 2 eup L,
and, for every j # k,
Nyj T ny;
CZWJIT = UROWAnck(j)URowAnck(j) = CquIw

We require the column factors satisfy the analogous conditions with V,Q,Q%, ColAncy(j), t1; and T in place
of U, S, ST, RowAncy(j),n1; and N, respectively.

Assumption A6. We have r + max(Cy, () < cpye min(n —r,t —r,nyg, t1x), n—7r > cpih, and min(Cy, () <

coikr for sufficiently small constants co, cpie > 0. Also, the noise level satisfies

~ n nt
0 .= ~J max{ﬁ,\ﬁc, ,1/} < ¢p.
“Ymin Pt Nk

Finally, we write U = Us(UdUs)~Y/? and V= VQ(VQTVQ)A/Q, and assume that v, := \/n/r ||(7;akx||2
and vy == /)7 ||‘~/C:'—bky||2 are of constant order.

Assumption (A6) is the adaptation of (A2), (A3) and (A4) for staggered designs. Moreover, the first and
third conditions in (A5) are the direct analogues of (A1), and require the observed row and column blocks
retained in the auxiliary four-block problem to contain all r latent directions in a well-conditioned way. The
middle condition is the restricted analogue of the orthonormality condition UTU = V TV = I,., and requires

that the Gram matrices associated to Ug and Vg remain full rank and well conditioned.

Corollary 4. Consider a tensor M satisfying M = Cx,U xoV x31, where U € RN*" and V€ RT*" have
orthonormal columns, and the core tensor is such that 0 < Ymin < Omin(Cee.j) < Omax(Ce,e,j) < Ymax < 0.

Choose k € [K], indices (a,b) such that a +b > o + 1, and unit vectors x € Ba(Nyik) and y € Bo(Tyi). Let

~(k,a,b

Mé’;’“’b) be as in (5), and define ugy’ ) 10 be the output of Algorithm 2 run with 7 < FHE . Fig also absolute
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constants 0 < ¢; < ¢, < 00, and assume (A5), (A6) with Uy # 0,0, # 0. Let

~ 2 fr-+ ~
SO UR DT g

n

2 2

% (r+¢) o on, ~r 5T

——— Ve, 15 + —1Ug,, 2l31IVE,, I3,
Pt Mk

and further assume that

2

~2
Y N o _ - 9
n;ax n (pn 10 +pt 10) + 7(“1]@ + t) (pn +pt ) < COTxy (6)
Th A(k ab) (k a,b)y2 =~
ere exists a constant ¢1 = ¢1 (¢, Cy, Co, Coik, Ky Vg, Vy) < 00 such that B [{1tz 2] < ¢ Yoy

This result follows directly from Theorem 1, with the original dimensions and block sizes replaced by
their auxiliary counterparts. To see why, observe that UJ Us and Vg Vo are invertible under (A5), hence
U= Us(UJUs) V2, V 1= Vo(Vg Vo) V2, and Casj = (UTUS)WC «.;(Vg Vg)'/? give an orthonormal
Tucker2 representation of the auxiliary signal Mg g ; = =U C. % VT. The auxiliary core tensor satisfies
0 < Amin < Umin(C.).,j) < Umax(C.,.,j) < Fmax, while U and V satisfy (A1) with ¢p/c, and ¢, /¢, in place
of ¢; and ¢, respectively; see the proof of Corollary 4 for the precise details. This, together with (AG6),
implies that the pooled upper and left matrices obey the same conditions as in the four-block setting, with
N, T, Nig, Tk, PN+ PT PN+ PT5 SN CT'5 Ymin, Ymax; C¢; Cu Teplaced by n, ¢, nax, tig, pn, Pts P, Pes Cuy o Ymins Ymaxo
¢¢/Cu, cufce. This is precisely what is needed to apply Theorem 1, even though the auxiliary observation

pattern need not consist of four contiguous blocks, and with these substitutions the stated result follows.

6 Simulations

6.1 Synthetic data

Code and dataset access for reproducing the simulations are available at https://github.com/abordino/
FunctionalCausalTensor. In this subsection we empirically validate our theoretical claims on synthetic
data. In particular, we verify that pooling improves performance for moderate values of K, while saturation
occurs for large K, thereby confirming the phase transitions predicted by Theorem 1. We also include
robustness checks with respect to rank misspecification, SNR levels, vector inputs, and mask dimensions.
For staggered adoption designs, we show that pooling across layers reduces statistical error and demonstrate
how to lower computational costs when computing an average counterfactual component over multiple blocks.

In Fig. 3(a), we fix N = 100, T = 80, r = 6 and vary K € {1,2,5,10,20,50,200}. The matrices U
and V are generated by drawing Gaussian random matrices and orthonormalising their columns. For each

slice j € [K], we generate Co o ; = O;diag(oy,...,0,) O, where O;,0; € R™" are independent random

orthonormal matrices, and the singular values are ﬁxedj at (o1,...,00) = (2, 1.72, 1.44, 1.16, 0.88, 0.60).
The observations are generated according to (2), with noise variance o chosen so that SNR™! := 02N /o2
and SNR = 1, and with block sizes Ny; = 70 and T7; = 60 for all j € [K]. We fix k¥ = 1 and consider
unit vectors x € RVt and y € R™ independently drawn from standard Gaussian distributions and then

normalised to have unit norm. We compare five procedures for estimating (3):

1. ESTIMATED POOLED stands for Algorithm 1 with 7 = 0.01;
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2. ESTIMATED NO-POOL stands for Algorithm 1 with 7 = 0.01, applied only to the target slice Ve o k;

3. ORACLE POOLED returns
d _
M)+ 2T Usi Cara e (W, Wap) Wl (BB ) 711,73 ¥

T T -1 T
+ 2 (Elg) (N1 N e Wiett(Wiee Wiert) ™ Coo.k Voi
4. ORACLE NO-POOL is the layer-specific counterpart of ORACLE POOLED and returns

ME(,iz,k + I'TUQ]Q(U;;CUUC)_I Ul—l;gg(b) Y+ l’T(c;(C)

0.0k 0.0k

Vi (Vi Vie) ™ Vo v

5. ORACLE LOCAL returns M5 + & Uai (U Usi) ™ U (BBy) it w1, e V Vok ¥

The oracle quantities correspond to the Gaussian terms in the expansion of ,150’;) — u;’;’ given in Lemma 14 in

Appendix C, and capture the leading contribution to the stochastic error of our procedure. For each value
of K and for each of these estimators, we run 500 replications and report the average squared error. The
results show that the NO-POOL estimators do not decay with K, as expected. By contrast, the two POOLED
estimators exhibit an approximate 1/K decay and appear to approach the line corresponding to ORACLE
LOCAL. This line is much lower than the others because it is related to both ||Uy), x||2 and ||V} y||2, yielding
an additional factor of roughly \/7’/7T = \/(W = 0.075. To better understand the relationship among these
latter three methods, in Fig. 3(b) we repeat the same simulation study for K € {50, 150,300,500, 1000}.
The results show that ORACLE POOLED continues to decay with K, whereas Algorithm 1 saturates at
approximately the level of ORACLE LOCAL. This is in accordance with Theorem 1.

Fig. 3(c) uses the same setup as Fig. 3(a), with a rank-6 signal tensor, but draws the mask dimensions
randomly over Ny; € {30,...,70} and T3; € {30,...,60}. The query vectors are chosen to be aligned with
the leading eigenspaces of Uy, and Vay, thereby increasing ||Uj, x|z and ||V,}.y|l2 and deliberately violating
the incoherence condition in (A4). In addition, all estimators are run with misspecified rank r + 5 = 11.
The results show that ESTIMATED POOLED still exhibits a similar phase transition as in Fig. 3(a), despite
the misspecification and incoherence violation. By contrast, ESTIMATED NO-POOL is more sensitive to both
sources of misspecification and has substantially larger error than ORACLE NO-POOL.

Finally, Fig. 3(d) uses the same setup as Fig. 3(b), but varies SNR € {1,1072,10~%} to examine sensitivity
under increasingly noisy regimes. The results indicate that the proposed methodology remains reasonably
stable even at lower signal levels, with ESTIMATED POOLED appearing close to ORACLE LOCAL across the

considered SNR values.

We also empirically evaluate Algorithm 2 in a synthetic staggered-adoption design. We generate a rank-5
Tucker? signal tensor with N = 150, T' = 200, and K = 10, where U € R¥*" and V' € RT*" are orthonormal
and generated as before, and the entries of the core matrices Co o ; € R"*" are independent standard normal
variables. We observe Ve o j = Po,, ;(Maeej + & j), where the entries of £ are independent N(0,0.03%).
The missingness masks (2, o ; are generated by an irreversible adoption process in which, for each unit ¢
and layer j, the adoption time A;; is sampled independently from a layer-specific grid of adoption times,
with probability 0.20 of never adopting. We then set Q;;; = 1{t < A;;}. We take k = 1 as the target

layer and use the adoption ordering in this slice to reorder the units across all layers. Under this ordering,
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(a) Random-XY design (b) Random-XY design, large K
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Figure 3: (a) Mean squared error of the five estimators as a function of K € {1, 2,5, 10, 20, 50,200}, with N = 100,
T = 80, r = 6, SNR = 1, and block sizes Ni; = 70, T1; = 60 for all j € [K]. Results are averaged over 500
replications. (b) Mean squared error of the pooled and local estimators for K € {50, 150, 300, 500,1000} under the
same simulation setting. (c) Analogue of (a) with violation of incoherence, rank-misspecification and masks sizes
Ni; € {30,...,70} and T3 ; € {30,...,60}. (d) Sensitivity analysis with different SNR values. Error bars show +1.96
standard error of the estimates.

e 0,1 is a staircase and satisfies Q; ;1 = 1{(¢,t) € Rq1 % Cp1 for some a,b with a +b < 5}. We then target
all six missing blocks and, for each of them, we generate 100 independent query pairs z € By(N41) and
y € Bo(Tp1) by drawing independent standard normal vectors and normalising them to have unit norm.
For each query we estimate (5) using both the tensor-pooled estimator outlined in Algorithm 2, and its
matrix-only counterpart, which runs the procedure on Y, . only and does not borrow information from
the other layers. In particular, this algorithm uses ysm%wk and ySkaQk’b,k in place of Y%, and Y,
respectively. Both procedures are run with 7 € {10_0‘5+0'025j 17 =0,..., 20}.

Figure 4 reports the mean absolute estimation error over the 100 random bilinear queries for each selected
block and each value of 7. The tensor-pooled estimator has substantially lower estimation error than the
matrix-only estimator. This is expected, since the tensor method exploits the shared row and column
subspaces across layers, whereas the matrix-only method uses only the two anchor blocks available in Ve o 1.
In general, the fact that certain blocks have larger errors than others can be attributed to differences in
the size of the missing blocks: smaller missing blocks may have a lower signal-to-noise ratio, which can in
turn reduce estimation accuracy. Furthermore, we see that both estimators are stable across values of T,
particularly when 7 <« 1. This agrees with our theory: under Assumption (Al) with ¢, > 0, choosing 7
small enough ensures that clipping is inactive with high probability, while stabilising the inverse on the
complementary event. Thus, 7 acts primarily as a safeguard rather than a tuning parameter, and careful
tuning appears unnecessary.

Finally, we compare Algorithm 3 and Algorithm 4 in terms of statistical efficiency and runtime when
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Figure 4: Mean absolute estimation error over 100 random bilinear queries for each target block. Algorithm 2 and
its matrix counterpart are run for varying 7 € {107%°+90%%7 : j = 0,...,20}.

estimating the aggregate ATE functional; this quantity and the two procedures are presented in detail in
Appendix B.1. Informally, this estimand is a weighted average of the bilinear forms in (5) over all missing
blocks in the target slice. We generate a rank-5 Tucker2 signal tensor with N = 150, T' = 200, and K = 5,
using random orthonormal matrices U € R¥*™ and V € RT*" and independent standard normal entries in
each core matrix Co o ;. The error tensor £ has independent A(0,0.01%) entries. The target layer is k = 1 and
has staircase missingness with oy € {4,6,8,10,12,15,20}; all non-target layers are fully observed. For each
value of oy, we run both procedures with 7 = 1073 over 1000 replications and report the average runtime
divided by o and the mean absolute deviation from the true value.

The results are consistent with the discussion in Appendix B.1. The runtime divided by op appears
approximately linear for Algorithm 3, reflecting its quadratic dependence on the number of target blocks,
while it is nearly constant for Algorithm 4, reflecting the fact that the dominant SVD cost is linear in o.
Also, Algorithm 3 has better statistical accuracy, as expected, since Algorithm 4 uses reduced anchor sets

to improve runtime and therefore sacrifices some statistical efficiency.

(a) Adjusted runtime comparison (b) Statistical accuracy
Average runtime divided by oy Mean absolute error + standard error
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Figure 5: Runtime (left) and accuracy (right) comparison for Algorithms 3 and 4 when estimating the aggregate
ATE functional in a synthetic staggered-adoption design. Here or € {4,6,8,10,12,15,20} denotes the number of
row/time blocks induced by the staircase-adoption pattern in the target slice.
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6.2 Real-data application: Castle Doctrine data

In this and the next section, we consider real-data applications motivated by causal inference. We work with
two signal tensors, M(0) and M(1), corresponding to the untreated and treated responses, respectively.
Following the potential-outcomes framework (Rubin, 1974), the entries of the fully observed data tensor )
satisfy Vie; = Qij Virj (0) + (1 — Q4t) Virj (1), where Y(0) denotes the untreated potential outcome, which
is observed on {(i,t,7) : Qi;; = 1} and missing on the complementary set, and Y(1) denotes the treated
potential outcome, which is observed only over {(i,t,j) : Q;; = 0}. Here, we focus on estimating bilinear
forms of M(0) and M(1) over the treated region. The latter problem is straightforward because Y(1) is
observed on this region, so simple plug-in estimators can be used. By contrast, Y(0) is unobserved, hence
bilinear functionals of M(0) require different approaches such as those introduced in the previous sections.

The empirical study considered here is based on the Castle Doctrine data from the PolicyEval repository,
available on GitHub, which records U.S. state-level public-safety outcomes together with the adoption of
laws expanding the legal right to use force in self-defense, often referred to as Castle Doctrine or Stand
Your Ground laws. The dataset is a standard staggered-adoption benchmark in the difference-in-differences
literature (e.g. Cheng and Hoekstra, 2013).

After processing the data as described in Appendix B.2, we obtain two tensors, J(0) € R50x11x4

and
V(1) € ROX1IX4" representing policy-off and policy-on potential outcomes, respectively. The policy-off
tensor Y(0) follows a staggered-adoption missingness pattern, while (1) is observed on the complementary
policy-on region where )(0) is missing. Figure 9 in Appendix B.2 shows the resulting observation patterns.
Here, rows represent U.S. states, columns represent calendar years from 2000 to 2010, and slices represent
the four logged crime-rate outcomes 1 motor, 1_robbery, 1 assault, and 1 homicide; these correspond
respectively to log-transformed motor theft, robbery, aggravated assault, and homicide rates. Importantly,
the tensor slices correspond to different outcomes rather than different policy regimes. As a result, since
policy adoption is common across outcomes, the staggered-adoption missingness pattern is shared by all
layers of Y(0).

To assess policy efficacy, we fix a target outcome slice k& € [4] and sort its rows so that the adoption
pattern is a staircase with €2, ; ;; = 1{(4,t) € Rqx X Cpy for a,b with a +b < oy, + 1} for some integer o, > 2.
Let Dy, := {(a,b) : a+b > o+ 1} be the set of policy-on target blocks. For ¢ € {0,1}, we consider \Iléh)(k:) %
2 (ab)eDs thMEa.bl)c(c) Yb,h, Where /\/l(.a.b,)c (¢) is the block of M(c) restricted to rows Rgyx and columns Cy,
and x4 p, yp,» are the query vectors for four specific bilinear forms h € {ATE, ROWHET, LOCAL-ig, TREND}.
These summaries are, respectively, an average potential outcome, a signed row contrast, a row-specific
average, and a within-block temporal slope; see Appendix B.1 for the formal definition of these quantities.
At the sample level, we estimate the \If(()h)(k)’s by applying Algorithm 3 to Y(0), as well as its matrix
counterpart, which runs the same procedure on ), o 1 only; both methods are run with 7 = 1072 and r = 3.
We prefer this approach to Algorithm 4 because of its greater statistical accuracy, especially given that the
number of missing blocks in this application is relatively small. By contrast, the \I'gh)(k)’s are easier to
estimate because )(1) is fully observed over Dy, so we use plug-in estimators for them. We also consider
the induced policy effects AM (k) := \Ilgh)(k) - \Il(()h)(k:) and estimate them by subtracting the corresponding

estimators.

Table 2 shows the estimates for ATE, ROWHET, LOCAL-ig, TREND in the target slice k = 2 corresponding
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to 1_robbery. For LOCAL-ig, we consider three values of iy associated to Florida, Montana and Texas. For
the ROWHET functional, we set n; = +1 for states that voted Republican in the 2000 presidential election
and n; = —1 for states that voted Democratic, so that ROWHET should be interpreted as a contrast between
these two groups of states. Confidence intervals are computed using a bootstrap procedure with B = 500
samples. Specifically, we sample rows with replacement from the target layer while keeping the other layers
fixed, making the comparison with the matrix estimator fairer since the latter uses only Ve o 1 and is therefore
unaffected by sampling uncertainty in the additional slices. For each bootstrap sample, we recompute the
estimators, take the standard deviation of the resulting estimates as the standard error, and report confidence
intervals as the point estimate +1.96 standard errors.

The results show little evidence of an average or local-level effect, as for both estimators the ATE,

local summaries, and ROWHET confidence intervals all include zero. The main exception is the TREND

functional, which is significantly negative under both the pooled tensor estimator, A(TRENP) — _( 1359
with confidence interval (—0.2165,—0.0554), and the matrix analogue, 35};‘3“) = —0.1098 with confidence

interval (—0.2069,—0.0126). Thus, the clearest signal is a negative post-adoption trend rather than an
average or state-specific level effect, suggesting that U.S. states that adopted Castle Doctrine laws were
more likely to experience a mild and gradual decline in robbery rates over the post-adoption period, rather
than a sharp immediate drop at the time of adoption. This underscores the importance of considering

functionals beyond simple averages.

Table 2: Estimates of A(h)(Z) using the pooled tensor estimator of Algorithm 3 and its matrix counterpart. Entries
report point estimates, with 95% confidence intervals in parentheses below. These are computed by resampling rows
from the target layer only, while keeping the other layers fixed; bootstrap standard errors are then used to report
intervals as the point estimate +£1.96 standard errors.

ATE LOCAL-FLORIDA LOCAL-MONTANA LOCAL-TEXAS ROWHET TREND
- -0.0241 0.0621 -0.1958 -0.0197 -0.0171 -0.1359
A (L0.0948, 0.0466) (-0.2061, 0.3303)  (-0.4880, 0.0964) (-0.2333, 0.1939) (-0.0844, 0.0503) (-0.2165, -0.0554)
0.0337 -0.0094 0.0104 0.0356 0.0347 -0.1098

AN (0.0270, 0.0945) (-0.2854, 0.2667) (-0.2133, 0.2341)  (-0.1459, 0.2170) (-0.0244, 0.0939) (-0.2069, -0.0126)

mat

Figure 6 also reports estimates of \Il(()h)(Q) under more restrictive missingness patterns. Specifically, we
rerun the simulations for three additional versions of J(0), where additional missing entries are introduced
in layer k£ = 2 by retaining only the first 3 columns and the first 5, 10, and 15 rows, respectively; all other
layers are left unchanged. The fourth panel shows results for the original staggered missingness pattern.
The point estimates remain close across methods, but the tensor confidence intervals are smaller in the first
panel, where the target layer contains the least information. This suggests that, conditional on the additional
layers, the tensor method reduces uncertainty relative to the matrix method by borrowing information across
slices. As more rows are retained, the target layer becomes more informative, and the confidence intervals

of the two methods become comparable.

6.3 Real-data application: COVID-19 data

For this application we construct a COVID-19 panel by merging policy-response indicators from the Ox-
ford COVID-19 Government Response Tracker with epidemiological outcomes from the Our World in Data
COVID-19 dataset.
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Figure 6: Estimates of \I’(()h)(2) using the pooled tensor estimator of Algorithm 3 and its matrix counterpart. Confi-
dence intervals are computed as in Table 2. The first three panels correspond to the masked version of V(0) where
additional missingness is introduced by retaining only the first 3 columns and the first 5, 10, and 15 rows, respectively;
all other layers are left unchanged. The fourth panel shows results for the original staggered missingness pattern.

We focus on two policies, C6_stay_at_home_requirements and H3_contact_tracing, over the window
from March 05, 2020, to April 05, 2020. We then retain 18 countries, mostly European, where adoption of
both policies was irreversible within this one-month period. This yields the tensor dataset } € R18*32x2
where the modes correspond to countries, days, and policies. The first slice V, o,1 is associated with the
28-day delayed outcome new_deaths_smoothed_per million and the stay-at-home policy, while the second
slice Ve o,2 is associated with the 28-day delayed outcome new_cases_smoothed_per million and the contact-
tracing policy. The 28-day delay accounts for the time between policy adoption and its potential effect on
reported cases or deaths. Also, this pairing seems the most natural since stay-at-home requirements may
affect downstream mortality, while contact tracing more directly targets contagion and hence reported cases.

The outcome tensor is plotted in Fig. 7. In each panel, blue entries indicate periods in which the policy is
inactive, red entries indicate periods in which it is active, and colour intensity reflects the magnitude of the
corresponding outcome. As before, policy status determines the staggered-adoption pattern: Y(0) contains
only blue entries and therefore has staggered missingness, while )(1) contains only red entries.

Figure 8 reports the estimates of \If(()h)(l) and A (1) with h € {ATE, TREND} for the target layer
k = 1 corresponding to new_deaths_smoothed per million under C6_stay_at_home _requirements. Point-
wise estimates are computed with Algorithm 3 and its matrix-only counterpart, both run with 7 = 10~
and r = 3; confidence intervals are calculated as in Section 6.2 with B = 500. For both methods, the esti-
mated effect for the trend functional is close to zero, indicating little evidence of a systematic change in the
post-adoption trend over this period. The estimates of the average treatment effect, however, differ across

the two methods. In particular, the matrix confidence interval includes zero, whereas the tensor estimator
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Figure 7: Outcome tensor from the merged OxCGRT-OWID panel. Rows are countries, columns are dates from
March 05 to April 05, 2020, and panels are outcome—policy pairs. Outcomes are measured at a 28-day delay, so date ¢

shows the value at ¢t + 28. Blue denotes policy-off entries, red policy-on entries, and darker shades larger outcome
values.
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Figure 8: Estimates of \Iléh) (1) and A™ (1) using the pooled tensor estimator of Algorithm 3 and its matrix counter-
part. Confidence intervals are computed as in Section 6.2 with B = 500.

gives a significantly negative model-based estimate. Under the maintained low-rank counterfactual model
and the assumed interpretation of policy timing, this is consistent with a reduction in new deaths associated
with stay-at-home requirements. The difference between the two estimators, and in particular the coun-
terintuitive conclusion of the matrix estimator that stay-at-home policies did not help reduce deaths, can
be attributed to the fact that in the target layer only two rows, corresponding to Norway and Iceland, are
fully observed. This makes estimation more challenging. On the other hand, the tensor method overcomes
this difficulty by borrowing information on the latent unit and time factors from the second layer, which
contains new_cases_smoothed_per million under H3_contact_tracing. This application therefore provides

a setting in which our methodology offers a clear advantage over standard matrix methods.
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A Proofs

A.1 Proofs for Section 2

Proof of Theorem 1. The proof of this result relies on the matrix denoising theory developed in Appendix C.

Start by writing ﬂg’;) — ug(,,];) = Z&) + Zg(ci) + Zg(cz) + Zg(é) + Ay =t Zyy + Ay, where

Z8) = 2T (B )7 o Wiett (Wit Wiets) ™ Co ok (W, W) T WL (BB, ) 7,9,
Z2) = 2T UsyCa e 1 (W, Wap) WL (B2 )e 710,

Z8) = o Usg (U Us) " UL (BB ) zov oV Vaky,

Z8) =& (ERe )1 e Wiett (Wil Wiet) ™' Co 0 1 Vary-

Under the assumptions of Theorem 1, Lemma 15 gives E[Zgy} < 1 Tyy for a sufficiently large constant
c1 = ci1(e, cu, Coy Chlks Ky Vi, vy) > 0. Moreover, the same result ensures that there exists an event G; with
P(G1) > 1 — O(py'” + p7'?) such that A2, < ¢; Ty, under G;.

Possibly enlarging the constant ¢; and allowing it to change from line to line, and writing i = ﬂg;), uw= pg;)

to simplify the notation, we then decompose the mean squared error as

E[{a-u}"] =E[{a-n}" 16, +E [{i— 1}" 1]
= E |{Zoy + Buy}1g, | +E [ {5 - 1} 155
<2E[72,] + 2B [A2,1g,] +2E [#%1gg | + 242 P(G)
< 2E[22,) + 201 Ty + 2E [%1gp ] + 242 P(GE)
< 01 Yy + 2 [%gg | + 1 (03" +p7™°).
where the previous decomposition and the bound on the second moment of Z,, from Lemma 15 are used
to control the contribution on the good event Gy, while the probability bound for gE is used in the last

inequality. We next derive separate bounds for each of the remaining two terms. For the third term, we

have |u] < [|Co o llop |Uzkll2 [Vakyll2 < Ymax, which yields

_ _ _ _ _ _ 10\ Nk
MZ (leo +pT10) < ’Yr2r1ax (leo +pT10) <ert ’Yr2r1ax (leo + pTlo) N

The last inequality follows from 7 < ¢, N1/ (2IN). For the second term, we start by noticing that ||I?}C“;’ T/J\'l—;€ ||(2)p =

"ﬁin;’ﬁkﬁ;“;"|op = max;ep) Ai/ (A V 7)? < 771 This allows showing

U;vaz

T U1 o

e
AWD>

la = ‘xTUngIICI,IZUE@UI(IE)iUP‘}Q—Izy} < uPHop| %;yHQ
< V2R e o Vipllon < 772 IYE) 2 s llop = 7Y o
< 7_1/2||M1(1];) llop + 7'_1/2||E1(1]p€>) llop = 7-_1/2||U1kc‘70,kVT||0p + 7'_1/2||E1(1];>)||0p

< T_l/ZC,l/Q’Ymax Nii/N + 7_1/2HE‘(1’;)H0P’
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where the last inequality follows from (A1l). This, together with an application of the Cauchy—Schwarz

inequality and Lemma 22 with p = 4, gives

E [i1g0] < 27 e SEB(G) + 2r B [|| B, o]

N
< et S (07 +970) + e (037 + 77 EV2 [[|EW)5, )

N
<a {r‘lvﬁlax]\l,’“ (" +p7'%) + 71 (py° +p7°) 0? (N1 + 1) } .

Combining the previous bounds and using 7=1~2, (py' +p7'") S + 77Hpy" +p7°) (02 N1y + 02T)

<
co Tzy concludes the proof. O

A.2 Proofs for Section 4

Proof of Theorem 2. We prove the result by reducing the problem to a one-dimensional parametric submodel.
To this end, we assume that UOT 2x% 7# 0 and VOT%y # 0; if either of these conditions fails, the desired lower
bound is trivially satisfied. Let
T T T Fy,
Fy == (Uo,zk x)(VO,Zk y) Gy = Tz -
1% 1%

Write Cp j := (Co)e,e,; to simplify the notation. For § € R, define a perturbed core tensor C(#) by keeping all
slices except the k-th one fixed, and setting C(0) := Cp 1 +6 Gj. We then set M(8) := C(0) x1Uy x2 Vo X31k.
We next verify the range of 6 for which the path remains in the local parameter space. Since Uy and Vj have

orthonormal columns, we have

10|
[ E% |

10

1Cx(0) — Cokllop < |Ck(0) — Cokllr = :
[ Fx |l 7

|M(8) = Mollr = [Uo{Cw(8) — Cos} Vo' | r =
We thus deduce that the path {M(0) : |6] < h} is contained in {M € F(cy,cy) : M — Mo|lr < s} whenever
h < ||Fg|lF min(s, 6y,%). In particular, the singular values of Cj(#) remain in [Ymin, Ymax] by the operator-
norm bound above and Weyl’s inequality (Lemma 23). Assumption (A1) continues to hold along the path
because Uy and V are fixed.

We next compute the induced change in the target functional. Since the bottom-right block of the k-th

slice is UOJ’ch(Q)VoTzkv we have

(o) = N(mky) (M(0) ==" Uo,zkck(g)%Tzk y = /lg;) (Mo) + 0z Ug ok GkVoTzk Y= M;’;) (Mo) + 0.

Hence estimating ,ug‘f) (M(0)) along this path is equivalent to estimating the scalar parameter 6, up to

the known additive constant ch];) (Mp). It is also useful to compute the Fisher information for 6. Using
the Gaussianity of the error and the four-block structure of 24 o 1, the Fisher information is constant and

equal to

~ SR
Jo =02 ||Pa, .. UeGrVo) o = 0 2 {IlU0,16Gr Vo il + 1U0,16Gr Vo arll 7 + U026 Gi Vo 117}
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= o2 {|U0,1xGrll% + |G Vol F — 100,18 GrVolhi 17 }
= o 2| Full 7 {IUo 16 FellF + 1 FeVo iz — 100,16 Fe Vo 1 ll7 }
<o 2 | Fellz* {100 1x Fell T + 11 Fx Vo I3}

<o alnli? { R+ 2
where the last inequality follows from Assumption (Al). Note that only the k-th slice contributes to Jg,
since the submodel is fixed along all other slices.

We now apply the van Trees inequality (Gill and Levit, 1995, Equation 3) on the interval [—h, h]. Let p
be an arbitrary absolutely continuous prior density on [—h, h] satisfying p(—h) = p(h) = 0. For any es-
timator ¢(Zq), define 0 := ¢(Zq) — u&’;) (Mo). Since u(f) = ,u;(cl;) (Mo) + 6, the risk for estimating the
functional is exactly the risk for estimating 6 along the submodel. Writing J(p) := fh % df and

choosing h = || Fj||r min(s, d, ), the van Trees inequality yields

h o~
sup Ep [{¢(Za) — u(0)}2] > / Eq[(@ — 0)%] p(6) db

l6]<h —h
1 1

Z =
S22 3ep(0) dO + infy peny—o J(0) [T, Top(0) dO + 72 /1

Ny T -t
> {a2cu 1 Fell 7 <A1[k + 711k> + 7T2||Fk|}_72min_2(§,5%k)}

— IR {a @V n TT) +w2min2<c,6m>}_l

|| Fxll% {2cua_2 max <Ajf\}k, 1;%) + 7r2min2(§,5~,,k)}_l

% min{;;min <]\]7Yk’ 71) ,7T_2min2(§,5'y,k)} | Fe |7

= min {jci min (]\'Zk, i) ) 2%;, ir; } | F |3

—min L i {otmin (2 ) 0T 81V

where the first equality follows from the fact that J(p) is minimised by p(6) = h~!cos?(r6/2h), while

v

Y

the successive inequality follows from our previous bound on Jy. Since the path is contained in the local
parameter space, this lower bound also applies to the local minimax risk over Fioc(My,s). This concludes
the proof. O

Proof of Theorem 3. We prove the first term in the lower bound by reducing the problem to a one-dimensional
parametric submodel where only Vj is perturbed. The second follows by the symmetric argument in which Uy
is perturbed instead of V. To this end, we will assume that U(;’r 5« # 0and wy > 0; if either of these conditions

are not met, the desired lower bound is trivially satisfied. Let Cp ; := (Cp)e,e,; satisfying ymin < 0,(Co ;) <
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01(Co,j) < Ymax for all j € [K]. Let Gy = C’(I,CU(;':Q:103/—'—13\1/5.2 # 0 since U(Izm # 0, 0(Cok) > Ymin > 0,

and wy > 0. Since Gy is rank one, write Gy = dab ', where

d:=||Gvllr = wv||Cq 1 Ug o2 0= 2k 22 = 22T
0,k~0,2 ’ ||CS:kU(;|:2(EH27 Wy

Then |[laf2 = [|b]2 = 1 and Gyb = da. By definition of b we also have b € Im(Py; ), hence Vb = 0 and
P‘}O ,b="b. Setting w := (O;1 :b")T € RT, we obtain a vector supported only on the last T entries that is
orthogonal to Vp, meaning that V" w = 0.

We now introduce a one-dimensional submodel by perturbing Vj only. For 6 € R, define V(0) :=
(Vo + Owa ") (I + 6%aa™) "2 = (Vo + Owa T )(I, + [{1+ 6%} ~Y2 —1]aa"). We have V(0) TV (#) = I, and

V'(0)=(1+46%*"%(w—-0Vya)a".

We leave Uy and Cy untouched, and set M(0) := Cq x1 Uy x2 V(6) x3 I[x. We next verify the range of 6 for
which the path {M(#) : |f] < h} remains in the local parameter space. As Cy and Uy are fixed, the only
conditions to check are the Frobenius-norm bound, and assumption (A1) for V(). As for the former, since

UjUp=1I,Vy'w=0,w"w=1,a"a =1, we have

K K
IM(8) — Mollz =S ||Uo Coy {V(0) = Vo) T || < 22 D IV(0) — Vol

j=1 j=1

= K V(0 = Vollf =272 K {1 = (146%) 7"} <2 K02 <92, K12,

where in the penultimate inequality we used the standard bound 2 {1 — (1 + )%/} < z for > 0. This
is upper bounded by <2 for h < ¢v;L K~Y/2. As for (Al), start by observing that (I, + #%aa’)"/? is
symmetric and has eigenvalues bounded between (1 4 6?)~/2 and 1. As a result, for Vi(6) := V(0)[1,),e =
Vo (I 4+ 6%aa™) =12 we have

Vi(0)"Vi(0) = {I, + 6%aa" } T2V Vo (I, + 0%aaT } /2

T; T T;
j (cu - 6A1) 71 {Ir + GQG/G/T}_I j (Cu - 6A1) Tll'r j Cy TIIT

Similarly,

Va(O)TVi(6) = (eo + Gna) 7+ {1+ 6PaaTy i AL T
which is lower bounded by ¢, 7y~ I,. whenever h? < 61 ¢; *. We thus deduce that the path {M () : |0] < h}
is contained in {M € F(cr,e,) : M — Mo|lp < ¢} whenever h < min(syml K12, 637 021/2). In order
to simplify the computations below while remaining in the Frobenius neighbourhood of Mg, we will set
h = min(wy /2, \/N1/N, synt K12, 5},‘/12 021/2) =:ey.

We next compute the induced change in p(f) := ﬂ(w]f,)(/\/l(ﬂ)) = 2"Up2CoVa(0)Ty. Using Gy =
C’(IkU(IQx yTP‘}O,2 =dab", Py b="0, (z"U2Cora)(b"y) = d, and the expression for V’(0) derived above,
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we have

2 Uy CoxVa(0) y

=1+ 02)*3/2xTU0,2C07k a(b— 9\/'072(1)T y
=d(1+6%)732{1-0d"'a"(CJUJrzy Voz)a}
>d(1+6%) 732 {1—0]d a" (Cq Ugazy Voz)al}
>d(1+h?) 21— hd ™ ||Cg Uy o yTVO,QHOP)
>d(

(' ()

1+ 1%) 732 (1 — hwy') > 27724

=27%/2 wy ||C(IkU(;l,—237H2 > 2_5/2Wmin WVHU(IngHZ >0,

where in the penultimate inequality we used h < min(/N1/N, wy /2) < min(1,wy /2). Coming now to the
Fisher information for this model, it is useful to compute ||V (0)[|% < [[V'(0)[|% = (1 + 92) < 1. Similarly,
we can show that ||[V/(0)[|% = 62(1 + 62)73||Vo1all3 < 0%(cy — da1) T-(1 + 6%)~3. We thus have

K
Jo=0"2Y_ |IPa..,(UsCo,[V'(0)] o ? Z {IV{(0)Cy ;U 1|7 + IV3(8)Cy ;Ug 1 17}

=1

- - N
< Vs 0 2K{||Vf(@>||%+<cu—6m>];||v2’<e>||%} < a2 K { IO + (0~ b10) |
3T N-
Sﬁaxo‘QK(cu—fSAl){92(1+92> T+]\71}

N KN
< Vrznax 072K (Cu - 6A1) {h2 + ]Vl} < 271211&)( 0'72 (Cu - 6A1) N 15

where in the last inequality we used h? < Ni/N.
We now apply the van Trees inequality (Gill and Levit, 1995, Equation 4) on the interval [—h, h] with
h = ey. Let p be an arbitrary absolutely continuous prior density on [—h, h] satisfying p(—h) = p(h) = 0.

Writing J(p) := hh & (9 } df, and setting cy = 27%42. min {2*171;5)( et 7r*2}, the van Trees inequality

yields

/h {1 @) p(o) o}

sup By [{6(Z0) — u(®}2] > [ By [{i - u(0)}2] p(6) o >

|0]<h —h f Jop(0) do + infp, ,(1pny—0 J(P)
N 2
_ {wewe ) 27592, | U3
I Tep(0)do + m2/h2 ~ 2Vihax0*(cu = 6a)) KN1 /N + 72 /h?
2 w1 Ug 223

2yhax(Cu — 6a1)0 2K Ny /N + w2h=2
g 2552w U o B
~ 2max (292, (cy —da1)0 72K Ny /N, m2h~2)
o2N h?
292, (Cu — 0a1) KNy " 72

max

= 2762, w2 |[UT]3 min (
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1 1 0N
—6,2 ; 2 2 T 2
>2 Wminmln{wqﬁwaﬂ}wvmln <Kvah > U022

. 02N
> cy w‘2, min (K']Vl’g%/) HU(I?TH%?

where the first equality follows from the fact that J(p) is minimised by p(6) = h~! cos?(w §/2h), while the
successive inequalities follow from our previous bounds on p’(6), and Jy. Since the path is contained in the
local parameter space, this lower bound also applies to the local minimax risk over Fioc(My,s).
Interchanging the roles of Uy and Vj and applying the same argument to P(}-O ‘2:z:yT ‘/07QCOT, » yields the
second term in the lower bound. In particular, we will assume that VOTQ y # 0 and wy > 05 if either of these
conditions are not met, the desired lower bound is trivially satisfied. We then define Gy := PI}O LT yTVO,gC(I ke

Since yTV07gO(Ik #0 and wy = ||Pd-0 2:p||2 > 0, this matrix is rank one. Writing Gy = dUanE, where

Py, @ Co.xVolay
dy = wu || CorVo'ayll2 ay = —=2 by = 7
0,2511% wy 1Co.xVolayll2’

and perturbing Uy along (OL1 ;agy)T gives an analogous one-dimensional path U(6) with Vg and Cp fixed.
The same calculations, with Ny /N and 77 /T interchanged, yield

2T

inf sup B [{0(Z0) - p) (M)} = ey wf min ("U) IValaul3,
¢ MEFioe(Mos) ‘ KT ’

where ey := min(wy /2, \/T1/T, syl K12, 5i€2c;1/2). Combining this with the lower bound obtained

from the Vy-perturbation, and using that the maximum of two lower bounds is at least their average, gives

2
i Cy o . o°N T 2
inf sup Enm [{¢(ZQ) - u;’“)(./\/l)}ﬂ > — wy, min (’5 > U ||
¢ MEFioc(Mos) Y 9 MV KN,V 0,27 112

2
cy . T
+ 5 whmin (T b ) 1Nl
Setting ¢ = ¢y /2 yields the desired bound. O

A.3 Proofs for Section 5

Proof of Corollary 4. We verify that the auxiliary problem obtained by restricting to S x @ satisfies the
hypotheses of Theorem 1. Although, for j # k, the missingness masks Qg g ; are not necessarily in four-
block form, this is not an essential requirement. What is needed in order to apply Theorem 1, and in
particular Lemma 14 in Appendix C, is the relevant subblock conditioning assumption for the rows and
columns corresponding to fully observed rows and columns, respectively. These are exactly the submatrices
that enter the definitions of the upper and left pooled matrices, and they are what enable improved estimation
of the shared subspaces.

We start by verifying the analogue of (Al). Let Gy := Ug Us and Gy := Vj V. By Assumption (A5)
we have

n

n t t
7Ir = G = uil’m *Ir j G j u*]rv
CgN = UDXC N CZT Vv C T
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hence Gy and Gy are nonsingular. Letting U := USGEI/Q, V= VQG;I/2 and CN.,.,j = Cv’,1]/2C.,.JC¥‘1//27 we

have that UTU = I, VTV = I, and Mg, ; = UsCas;jVg = UCa.;V . This shows that the restriction of
the signal to S x Q admits an orthonormal Tucker2 representation with row and column dimensions n and
t, respectively.

We next check that the restricted Gram matrices are well conditioned. For the target layer, we have

(7; ﬁs+ = G;UQU;J+ Ug+ G[_]l/Q, hence, using (A5) and the preceding bounds on Gy gives

Ce Mg Coy Nk
——1, <US+US+ <—"—I
Cy N Cyp N

Similarly, for each j # k we have [NI;)WAan(j)ﬁROWAan(j) = G,;l/QUR,TOWAan(j)UROWAan(j)G[_]l/Q, thus

Cg Cy nl] I

n1]
I = UROWAan(j)UROWAan(]) = — ce n

Cy M

Since the same argument applies to the column factors, we can conclude that the auxiliary sub-block condi-
tioning assumption holds with ¢¢/c,, ¢, /¢ in place of ¢y, ¢, respectively.
It remains to identify the signal strengths in the auxiliary model. Since 5.7.7 . Gl/ 2C. . ]G ?, standard

bounds on the singular values of a matrix product yields

~ [ nt ~ ~ nt ~
Ymin ‘= €¢ Ymin ﬁ S Umin(cj) S Umax(Cj) S CuYmax ﬁ =! Ymax;

thereby showing that the effective lower and upper signals are Jpin and Jpax-
The noise distribution is unchanged by restriction since, on the observed auxiliary coordinates, the

errors are still independent centred Gaussian variables with variance 2.

Moreover, Assumption (A6) is
the analogue of (A2), (A3) and (A4) after replacing N, T, Nig,Tik, PN, PTs PN PT»CN 5 CTs Vmins Ymax DY
n, 4, Nk, tk, Pny Pt Pry Pts Cns Cos Ymins Ymax-  Also, (6) is the analogue of (4), again with the same substitu-
tion of auxiliary dimensions and signal strengths. We can thus conclude that all hypotheses of Theorem 1
hold for the auxiliary problem, hence applying this result gives Ep([{lh*" — puih*”12) < ¢;T,,. This

concludes the proof. O

B Additional details on the simulation studies

B.1 Target estimands used in the empirical applications

We provide more details on the target estimands used in Sections 6.2 and 6.3. In these applications, we
work with two signal tensors, M(0) and M(1), corresponding to the untreated and treated responses,
respectively. The staggered-adoption mask () is constructed from the treatment variable, with Q;; = 1
if entry (4,t,7) € [N] x [T] x [K] lies in the untreated region, and Q;;; = 0 otherwise. The fully observed
tensor Y satisfies Vitj = Qirj Vit (0) + (1 —Q4t;) Viej (1), where Y(0) denotes the untreated potential outcome,
which is observed on {(¢,¢,7) : Q;;; = 1} and missing on the complementary set, and J(1) denotes the treated

potential outcome, which is observed only over {(,t,j) : Qi; = 0}.

We now introduce the four functionals used in the empirical applications: ATE, ROWHET, LOCAL-i,
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and TREND. Fix a target slice k with staircase adoption, and let Dy = {(a,b) : a + b > of + 1} for some
integer oy, > 2 be the collection of policy-on target blocks. For all (a,b) € Dy and ¢ € {0, 1}, we also denote
with Msa,b,)g(c) the restriction of M(c) to rows R, and columns Cpi. For i € Ry, and ¢t € Cpy, define
the local-index maps £,(i) := posg,, (i) and £,(t) := posg,, (), so that £,(i) is the position of row ¢ within
R.i, and £y(t) is the position of column ¢ within Cp. For the ROWHET functional, choose a sign vector
n=(n,...,nn)" € {£1}". For the LOCAL-i( functional, choose a row-block index ag such that {b : (ag,b) €
Dy} # @, and then fix a row index iy € Rqyr. We also define Dff := {(a,b) € Dy : Ty, > 2}, and assume

Dy #+ & whenever the TREND functional is considered. For h € {ATE, ROWHET, LOCAL-ig, TREND}, we

write
Dy, h € {ATE, RowHET},
Dk,h = {(ao, b) : (ao, b) S Dk}, h = LOCAL-ig,
Dy, h = TREND

for the active block set, and, for fixed (a,b) € Dy p, we consider the query directions

—1/2 —1/2
ATE:  on =Ny v, von = Tpp*1a,,
—~1/2 —1/2
ROWHET : ), = Nak/ NRans  Ybh = Ty / 1z,
. —~1/2
LOCAL-ig :  Tan = €4, (i0)s Yo, = Ty " "Ly,
~1/2 2p — Zolry,
TREND : Zah = Nak/ 1IN, Ybh o

- ||Zb - Zb]‘Tblc HQ7
with 2z, = (1,...,Ty) " and 2, = (Ty, + 1)/2. Based on this, for h € {ATE, RoWHET, LOCAL-ig, TREND}
and (a,b) € Dy p, we define the block-level bilinear forms

0 (e) = , ML) Y-

ook

As for the interpretation of these functionals, ATE averages all entries in the block, ROWHET averages a
signed row contrast over the block’s columns, LOCAL-iy averages only row iy over the block’s columns, while
TREND averages over rows and contrasts later columns with earlier columns. In particular, this latter bilinear
form also has a simple slope interpretation. For ¢ € Cpy, and ¢ € {0,1}, define the row-averaged trajectory
mﬁ“’b)(c) =N, D icRu Miiz)(c) If this trajectory is linear in local time, i.e. m§a7b)(c) = ag, + 86, b(t),

then

1/2
b . Toi(T2 — 1
CUI’TREND ME?.J{.(C) Yb, TREND — \/m a,b {(f;) )

thus showing that TREND recovers the slope of the row-averaged trajectory up to a known normalisation.

We then aggregate these block-level summaries over all missing blocks in the target slice by

_ h) (k,a,b
T (k) = Wak)} Y Bt (o),
(a,b)EDy, 1

where the choices of weights and normalising constants, together with the simplified form of each estimand,
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are given below:

h CEJ.};;) Wy, (k) \Ilgh)(k)
; M=D (¢
ATE \/m Z NoiTok Z(a,b)eDk ZZERak Z]:\;ECM itk ( )
(a,b)€Dg Z(a,b)eDk ak Tok
, At
ROwWHET \/m Z N T Z(avb)ebk ZlERak ZJt\iCb}m itk ( )
(avb)EDk Z(a,b)G’Dk akt bk (7)
(a /\/lgao’b) c
LocAL-ig Tor Z Tye 2t (a0 b) €D Ztecka otk (€)
b: (ao,b) €Dy, Zbi (ag,b)€Dy, Ok
TrexD 1 D} DN
2 k tr a,b*
VNI = 1)/12 BT (0 iy

é“e“d)(k) uses the linearity condition on the row-averaged trajectory and the

The final expression for ¥
assumption D" # @. These four quantities have the following interpretations: \IlgATE)(k) is the average
potential outcome over the missing entries in slice k, \IlﬁROWHet) (k) is the corresponding signed row contrast,
\IfgLocal_iO)(k) is the average potential outcome for row iy over the missing target blocks containing that row,
and U™ () is the average within-block slope of the row-averaged trajectory.

Based on these potential-outcome summaries, we also define the aggregate policy effect for functional h

by A® (k) == 0" (k) — Wi (k).

Coming now to the estimation of these aggregate quantities, it is useful to recall that Ve e 1 (1) is observed
over Dy, since these are exactly the policy-on target blocks in which Y, o 1(0) has missing entries. As a result,
functionals with ¢ = 1 are easier to target and can be estimated by simple plug-in estimators. On the other
hand, quantities such as ;L;lk’a’b) (0) require an alternative approach, and can be estimated using Algorithm 2.
This immediately leads to a naive estimator of \Iféh)(k) that applies Algorithm 2 separately to each missing
target block, and then aggregates the resulting block-level estimates using the weights c((llz) and normalising

constants Wy (k) defined in (7).

Algorithm 3 QUADRATICSTAGGEREDAGGREGATE for estimating \I/(()h)(k)

Require: target slice k € [K], functional h € {ATE, ROWHET, LOCAL-iop, TREND}, rank r, data ), staircase
partitions {Rax}or, and {Cyi}y*,, parameter 7 > 0, and, when needed, sign vector  and row index i.

1: Initialize S, < 0.

2: for (a,b) S Dk,h do

3: Construct z, 5 and ys , according to the definitions above.

4 Run Algorithm 2 with inputs (k, a, b, 7, Za b, Yb.h, Y, T), and denote its output by ﬁglk’a’b)(O).
5 Update

Sh < Sy + Cg}g)ﬁék’a’b)(()).

end for
7: return \I/,(Jh)(k) — {Whi(k)} " Sh.

@

The blockwise plug-in estimator in Algorithm 3 applies Algorithm 2 separately to every target block
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(a,b) € Di.p C Dy, hence it recomputes two rank-r singular value decompositions for each missing block. In
the ATE and ROWHET cases, we have |Dy | = |Dy| = ox(0r — 1)/2, so the cost is quadratic in o.

This cost can be reduced by trading some statistical efficiency for computational savings through a
reduced—anchor construction. In particular, for fixed a, we keep the target-slice column anchor ColAncy, 4 (k) =

k a5 but replace ColAncy q, »(j) by ColAncg q5(5) N Q1 for each j # k. Because Q;a’b depends only on a,

and because Q.1 C Q p for all b, the resulting pooled left matrix depends only on a. Similarly, for fixed b, we
keep the target-slice row anchor RowAncy, 4 5(k) = S,j’ayb but replace RowAncy, 4 5(j) by RowAncg o.5(5) NSk 1
for each j # k. Because S,‘:’a’b depends only on b, and because S;; C Sj o for all a, the resulting pooled
upper matrix depends only on b.

With this reduced-anchor construction, the SVDs of the the pooled left and upper matrices can be
cached and reused, as illustrated in the following algorithm. We will use the shorthand Qk ab = ;a and

S,:a’b = Sk)b to emphasise that these sets depend only on a and b, respectively.

Algorithm 4 LINEARSTAGGEREDAGGREGATE for estimating \I!éh)(k)

Require: target slice k € [K], functional h € {ATE, ROWHET, LOCAL-iy, TREND}, rank r, data ), staircase
partitions {Rar }or, and {Cypi}p~,, parameter 7 > 0, and, when needed, sign vector n and row index i.

1: Let Ay, := {a : 3b such that (a,b) € Dy} and By, := {b: Ja such that (a,b) € Dy p}.

2: for a € A do

3. Set ColAncy’y (k) := @}, and, for j # k, ColAnciy(j) := {t € Q1 : Qi ;=1foralli€ Spa}.
4: Form reduced pooled left matrix Yleft,a (ysk,chlAnc;;j(l),l o Vg, a,CoIAnc;ig(K),K)-

5: Compute rank-r truncated singular value decomposition (U5 ,, ngf‘i o Vlgffa) « SVD,.(Yi5d,).
6: Construct z,,j, and cache affda o (Ulreef(tia)—rak’. Zan € RT.

7. end for

8 for b € B, do

9: Set RowAncred( )= S+b and, for j # k, RowAncred( )= {i€Sk1: Wy =1foralteQpp}
10 Form reduced pooled upper matrix YLdeb (yRowAnc;::(;(l) PRERE yRowAncred(K) Qo K)-

11: Compute rank-r truncated singular value decomposition (U,ﬁ;db, Eru%db, Vu“;db) — SVD,. (Y24

d = (k
12: Set sy = Y02y [RowAncis (7)), U, « (U5e) () i onHST 1o

13: Construct yp p, and compute T p, ‘71,—,5 Yo,y Wh,n < Ere bTb hy Xbh Uup b
14: end for

15: Set Sy, < 0.

16: for (a,b) € Dy, do

17: Set ﬁ(‘”b) (Ured N+

left,a

ka A (VJS%)CMW

Wi p-

kb’

18:  Compute Hyyp + (USG") 70U and Hyp = Quyp diag(Mais - - - Aapr) Q- Then set

A . 1 '
inv dia — Y 3 3 :
a,b,T Qa,p diag ({ max[Ag p.i, 7] }i_1> o

19:  Compute By « Himy (U)X, € R
20:  Update Sy, « Sj, + ) @m, gy,
21: end for

22: return \Ilé 1)1n( k) < {Wh(k)} " Sh.
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Algorithm 4 avoids recomputing two spectral decompositions for each missing block by exploiting the
reduced-anchor construction. Instead, it computes at most op — 1 left decompositions and at most o — 1
upper decompositions, thus making the dominant spectral cost linear in oj rather than quadratic. This
reduction is obtained at the expense of statistical efficiency. While the blockwise auxiliary construction uses
all anchor rows and columns available for each target block, the reduced-anchor construction uses a smaller
common set of anchors, restricting the non-target-slice column anchors to J%,1 and the non-target-slice row
anchors to Si 1. The resulting pooled matrices may therefore contain less information, which can weaken the
conditioning of the auxiliary Gram matrices and make the estimated shared row and column subspaces less
accurate. Nevertheless, when Q1 and Sy 1 are sufficiently large and well conditioned, Algorithm 4 provides
a computationally cheaper alternative to Algorithm 3. A numerical comparison between Algorithm 3 and
Algorithm 4 is illustrated in Fig. 5.

B.2 Castle Doctrine data

We provide more details on the simulation setup of Section 6.2. We use the Castle Doctrine data from the
PolicyEval repository, available on GitHub. The data contain state identifiers, calendar years, a Castle
Doctrine treatment variable, and several state-level public-safety and socioeconomic variables. We use four
logged crime-rate outcomes corresponding to the log motor-theft rate, log robbery rate, log aggravated-assault
rate, and log murder rate.

We organise the observed outcomes into a fully observed tensor ) € R?0X11>4 whose modes correspond
to U.S. states, calendar years, and crime outcomes. Thus, each entry Vj;; records outcome j for state 4 in
year t. The four outcome slices are 1 motor, 1_robbery, 1_assault, and 1_homicide, respectively.

We construct the staggered-adoption mask €2 from the Castle Doctrine treatment variable. For all j € [K],
we set (U; = 1 if entry (4,¢,7) lies in the untreated region and zero otherwise. Because treatment status
is common across crime outcomes, the same treatment pattern applies to each outcome slice; equivalently,
Qa1 = o 02 =le o3 =lees. Rows are ordered with never-adopting states at the top. Among adopting
states, rows are arranged from later to earlier adopters, so that the treatment boundary moves smoothly
across the panel. The resulting observation patterns are shown in Figure 9. Blue cells indicate untreated
observations, red cells indicate treated observations, and darker shades correspond to larger logged crime-rate
values. In the potential-outcomes notation Vii; = Qir; Vie; (0) + (1 — Qir5) Vit (1), the blue cells are therefore
the observed entries of Y(0), while the corresponding treated entries are treated as missing. Conversely, the

red cells are the observed entries of Y(1), with the corresponding untreated entries treated as missing.

C Matrix denoising in the pooled four-block setting

This appendix collects matrix denoising results specialised to the tensor four-block framework introduced
in Section 2. Throughout, we allow the constant ¢; to vary from line to line, while still depending only
on ¢y, Cy, Co, Chlk, K- We use the notation introduced in Table 1. We also denote by O(d) := {Q € R4 :
QTQ = QQT = I} the set of orthogonal matrices of dimension d, and write Z := {Ny +1,...,N},
Te i ={Tw+1,....,T} and Z,* := {s), + 1,..., s + N1x}, where we recall s, = Zf;ll Ny,

The main results of this section are Lemmas 14 and 15. Their proofs rely on the intermediate results
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https://github.com/guerramarcelino/PolicyEval/raw/main/Datasets/

Castle Doctrine | state-year crime tensor layers + treatment status
Each panel is one layer of Y{state, year, crime]. Biue = polcy Of,red = policy On. Darker shade = higher rounded log crime ate.

Robbery rate, log
e e e e e

State, sorted by first treatment year

Figure 9: Castle Doctrine state-year-crime tensor used in the real-data simulation. Panels show logged crime rates for
motor theft, robbery, aggravated assault, and murder. Rows are U.S. states, with never-adopters first and adopters
ordered from later to earlier adoption years; columns are calendar years from 2000 to 2010. Blue cells are untreated,
red cells are treated, and darker shades indicate larger logged crime-rate values.

presented below, which provide first-order expansions of some relevant quantities appearing in the definition
of ji pxy in terms of the matrices Wiegr, Wap, Ebg, EY,. The first step in applying these results to Y, and
Yl is to characterise the spectrum of the corresponding signal matrices MP, and Mg,

Lemma 5. Grant assumption (Al) with fized constants cy,c, satisfying 0 < ¢; < ¢, < 00, and suppose
0 < Ymin < min(Ce,e,j) < Tmax(Co.e,5) < Ymax < 00 for all j € [K]. We have

/ Ymin P i < Ur(Mlléft) < Ul(Mlpéft) < Cu/ Ymax Pl/2

/ ’Ymmp / < Ur(Mﬁ)p) S Ul(MSp) S CU/ 'Ymax p}\;Q

Proof. Assumption (A1) implies

K K
T1 Tl
sz " Co e .,.,J = WidgWiete = ZC.,.,k VikVinCl o = c Z 2 Care,; .,.,J,
k=1 j=1
N X KN
1j T, T T T 1j AT
Co Z J C C j WupWUp - Z CO,O,k,‘ Ulk;Ulk C.’.’k j Cy Z TJ C.7.’jc.’.’]
k=1 j=1
Since MY, =U Wile, ME = W, VT and U, V have orthonormal columns, we also have o;(MP) = 0j(Wiet)
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and o (MP)) = 0;(Wyp) for all j € [r]. We thus get

K
Ty

oA Z TJ Cose.iCa, o] = or(Mygg) < o1(Mgg) < | cuM Z ?] o0,iCa, YRR

Jj=1 Jj=1
) ZNUcT Cous| < or(M) < or(MB) < |eun ZNUCT C..
L A\r e 0. j — T up — 1 up/ — u N1 e 0. j

j=1 j=1

Combining this with 0 < Ymin < Omin(Ce,e.j) < Tmax(Ce,e.j) < Ymax < 00 concludes the proof. O

The following lemma provides an upper bound on the estimation error of ﬁleft relative to U measured by
the operator norm of the projected error H;(ﬁleftH v —U). The proof relies on tools from Haar compression

and properties of the Stiefel manifold, as outlined in Appendix E.

Lemma 6. Grant Assumptions (Al) with fized constants 0 < ¢; < ¢, (A2) and (A3). Suppose further
that 0 < Ymin < 0min(Cee,j) < Tmax(Cee,j) < Ymax < 00 for all j € [K]|, and let £ = Ymax/Ymin. Write
VP, = M2, + EPy, with M2, = UW\L . and set A := W[, Wieo. Let (Uiote, Siete, Viets) := SVD, (V%) and
Hy = sgn(U,LLU), and define the centred empirical eigenvalue matriz A, := HJ (32, — 0Ty p1,)Hy. Also
firl < p < N and Iy € RNXP with HTHN = I,. There exists a constant ¢1 = ci(cy, Cu, Co, Coik, K) > 0

such that, with probability at least 1 — O(p 710) the following statements hold:

(i) The centred empirical eigenvalue matriz is well-conditioned, i.e.

N 3 A 4 _
MR 2 D00, A e < 3 AN ®)
(i) We have
A op+r+ o’N
I ey — U)op < e P o) T i, o)

Ymin P min

Proof. For readability, only in this proof we write Y = Y%, M = My, = UWIZ&, and F = Ef,. Define
S =YY" — >N pIn, So = MMT = UAUT, and E := § — Syp. Let U, € RN*(N=") be such that
[U ULl € O(N).

Since YY T and § differ by a scalar multiple of the identity, they have the same eigenvectors. Hence Ulett

is also the top-r eigenspace of S , and
SUete Hy = Unete Hu A (10)

Set Gy ;= U'E € R™*Ti» and Gy := U FE € RW-mxTip  Since E has independent N(0,02) entries,

rotational invariance ensures that G; and G5 are independent Gaussian matrices with i.i.d. N(0,0?) entries.
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Expanding = gives = = UVVII&ET + EWiert U + (EE—r — UQTLPIN), and therefore

U'TEU = Wiy G{ + G1Wier + (G1G] — 0°Ty ,I,),
UlZU = GoWiege + G2G = GoK, K = Wie + G, (11)

UlZU, = GoGy — 0Ty pIn—».

Write the aligned empirical eigenspace as 01CftHU =UC+U_S, where C := UTU]C&HU and S = UI U]CftHU.
Since Hy is the Procrustes alignment, C' is symmetric and satisfies C = 0, CTC + STS = I,. We can thus

write
H]T\I(UleftHU - U) = H]TVUJ_S + HLU(C - IT)7 (12)

which shows that it is enough to control the two terms on the right-hand side.

More precisely, the preceding decomposition shows that sharp control of some projection of Uete Hy — U
reduces mainly to controlling the off-subspace component S = UIU[eftHU. Indeed, C = (I, — STS)l/ 2
and ||C — L |lop < [|S]|2,, so the term involving C' — I, is second order. A direct application of Wedin’s
theorem (Chen et al., 2021, Section 2.4) would control only the global subspace error ||S|lop = U] Uieti [lop =
(| $in O (Uhee, U)llop S |1 EP g llop/0r(MPy,), which is governed by an ambient noise norm and hence scales
with the full row dimension N. When combined with the triangle inequality |1\ (Uiets Hy — U)llop <
TN UL lop 1S llop + M UllopIS|12,, this would not exploit the fact that IIy has only p columns. Instead,
we apply the Haar—Stiefel compression bounds from Appendix E, which allow us to use the fixed projection

LU, to reduce the random off-subspace component by a factor of order \/(p + 7 + (7) /N, as shown in (20).
This is the key idea that turns an ambient subspace perturbation estimate into the projected bound needed

here.

e Conditioning of A.. The eigenvalues of A, are the top r eigenvalues of S. By the Courant—Fischer
formula restricted to col(U), we have A.(A.) = A.(S) > A (UTSU) = A\.(A + UTZU). Weyl’s inequality
(Lemma 23) then gives

)‘T(AC) > )\r<A) - HUTEUHop- (13)
Define the events

||G1WIeft||op S Clo—”VVleftHOp VT + CT» ||G1GI - JQTl,pIT||op S 010'2 { \/ Tl,p(r + CT) +r+ CT} .

By Lemma 21 in Appendix E and a standard Wishart concentration bound (e.g. Vershynin, 2019, Theorem
4.6.1), the probability that at least one of the two displayed events fails is at most O(p;lo). If these bounds

hold, the first display in (11) implies |[UTZEU|lop < c10||Wieg|lopy/T + Cr + c102{\/T1p(r + {r) + 7+ (1}
By Lemma 5 we have \.(A) > ¢, 72, pr and [Wiett|lop = o1 (MEg) < 071/2 'ymaxplT/Q, which yield

UTEU|,o T 2T
[ Hpgcm a (T+CT)+CIU2 T+CT+7“+CT
)\T‘(A) “Ymin Tl,p Ymin Tl,p Tl,p
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2
<o E+¢31027T i+i <o ESCWSE, (14)
“Ymin Tl,p fymin T17p Tl,p Ymin Tl,p 4

where the last inequality follows from Assumptions (A2) and (A3), provided that the absolute constants
¢p > 0 and cpy > 0 are chosen sufficiently small. Combining this with (13) proves (i).

e Reduction to the range of G5. Using (10) and Uett Hy = UC + U, S, and then left-multiplying by UI,

we obtain
GoKC + (GoGy — 02Ty pIn_r)S = SA.. (15)

Let Py 1= P10j.o(c,) and P == Iy_, — P5. Since P{-G2K = 0, multiplying (15) by Ps" gives P&-S(A, +
JQTLPIT) = 0. On the event where A, - 0, we also have that A, + UzTLpL« is invertible, hence PQJ-S(AC +
02Ty p1.) = 0 implies Ps-S = 0, and therefore S = P»S. Defining Dy := (G2Gg — 0Ty pIn—,) P, we may
rewrite (15) as

G2KC + DyS = SA,. (16)
The inclusion of the projection P, in the definition of Dy is crucial: although GQG;— — 02T17PIN_T may be

large on col(Ga)™t, the identity S = P,.S ensures that only its restriction to col(Gy) is relevant.

o Restricted centered-Wishart bound for D;. Let g := rank(G2) = min(N — r, T1 ;) almost surely.
Since Dy acts on col(Gz), we have || Da||op = maxi<i<q |0:(G2)? =0T} p|. By the standard two-sided singular
value bound for Gaussian matrices (e.g. Vershynin, 2019, Theorem 4.6.1) applied to G4 /o, and using (A2)
to absorb the terms involving (7 into the right-hand side, we have ||Dslop < c10?(\/NT1,p + N + () with
probability at least 1 — O(p;lo). This also implies

N 2T N N +(r 1
DollonllAT o < g . <02 < = 1
[ Dallop|l Al p S g (”Tl,p + T | Sar=7 (17)

where the last inequality follows from (A3).

e Control of GoK. We now control GQKA;1 both globally and after projection by II U, . Conditional
on (G, the matrix K = Wieg, + GI is deterministic, independent of Go, and rank(K) < r. Hence Lemma 21

gives

HHJ—(IUJ-G?K”OD < CIU”KHOP Vp+r+Qr, ||G2K||0p < 01(7||K||0p VN +7r+(r (18)

with probability at least 1 — O(p;'?). The same bounds hold unconditionally with the same probability.
Moreover, on the event ||G1lop < c10(\/T1,p + v/7 + (1), which has probability at least 1 — O(p7") again
by Lemma 21, we have || K|lop < [[Wiett|lop + |G1llop < €1 (Ymax ,olT/2 +0+/T1p+0+/T+ (1), where the second
inequality follows from Lemma 5. Combining this bound with (18) and (i) gives, on an event of probability
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at least 1 — O(p;'°), we have

- ovp+r+ 02T +r+ +r+ r+
I U Ga K opll Az Hop < e PFLICE o (W LV TfT)( 4T>>
sP 5P

Ymin P Vmin
oVp+r+Cr

1/2
Ymin pT/

<

)

G2 K |op [ AL lop < €1 c1
Op ©o Ymin p;“/Q 712nin Tl,p TLP

oV N
1/2°
Ymin P

VN TG, 02T < Ntrtir, \/(N+r+<T)(r+<T)>
(19)

<61

where the final inequalities in both displays follow from (A2), (A3).

e Haar-measure step. We now aim to control ||[II5US||o, using Lemma 25. This is achieved through
a Haar-measure argument; see Appendix E for the statement of the lemma and the relevant background
material on the Stiefel manifold. The first step is to rewrite (16) in coordinates adapted to col(Gs). In this
regard, let ¢ = rank(G3). Choose (Va,Y2) measurably from the eigendecomposition of G Go = VoX3V,',
with the positive eigenvalues sorted in decreasing order, and define Q) := G3V233 L e St(N —r,q), so that
Gy = Q¥,V,'. Since P, is the orthogonal projector onto col(Gz), we have P, = QQT. Thus S = P,S
implies S = QR, where R := QTS € R9". Substituting Gy = Q¥,V,’ and S = QR into (16), and using
Dy = Q(X3 — 0Ty ,1,)QT, gives oV, KC + (X3 — 0Ty ,1,)R = RA.. after multiplying by Q.

Now, let @ be chosen measurably so that [Q Q] € O(N —r), with the last block omitted if ¢ = N —r,
and set O :=[U U, Q U, Q. ]. The following calculations allow us to show that S has a simple block form
with respect to the basis given by O. Using (11), S=UAUT +Z and G5 = QYLV,', we get

UTSWU.Q)=(QTUISU)T = (QTG.K)T = (S,V, K)T = KTVa%,,
(U.Q)TSU =Q U SU =QTGoK =%V, K,
ULQ)TS(U.LQ) = QT (G2Gy — 0T pIn-r)Q = %3 — 0T, I,

Moreover, since col(Gz) = col(Q), we have QG2 = 0. Hence UTS5WULQL) =0, (ULQ)TS(ULQL) =0,
(ULQu)TSU = 0, (ULQ1)"SULQ) = 0, and (ULQ1)"SULQL) = Q[(G2Gy — o*TypIn—)Q1L =
—02Ty pIn—r—q. We therefore get

A+UTEU KTVo¥%, 0
0780 = YWV K Y3 -0 1, 0
0 0 _0'2T1,pIN77‘fq

This shows that, on the event that S has at least r positive eigenvalues, the top-r eigenspace of S is contained
in the column space of (U, U, Q). Formally, using S = QR, we have Uie Hy = UC+U, QR = O(CT,RT,0)7,
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and since UleftHU is the aligned top-r eigenspace of 5'7 we can write
(CT,R",0)"A. = O U HyA, = O SUre Hy = OTSO(CT,RT,0)".

Comparing the first two block rows gives
<A+UTEU KTV%, ) <c> B (C) i
SV K ¥2—02Ty 0, ) \R R)
On the event )\T([\C) > 0, the r largest eigenvalues of S are positive and therefore cannot arise from the
negative block —o?Ty ,In_,—,, hence they correspond precisely to the r largest eigenvalues of the reduced
block above. We thus get that (CT,R")T is the top-r eigenspace of the reduced block, and A, is the
associated eigenvalue matrix.

Now, this reduced block depends on G5 only through (X2, V2), and not through Q. Moreover, since K =
Wiets+G{ and U TZU is a function of G'1, the reduced block is measurable with respect to F := o(G1, X2, Va),
hence, after fixing deterministic measurable choices of eigenspaces and of the Procrustes alignment, (C, R, Ac)
is F-measurable. Furthermore, writing R = HrQrJz for the compact singular value decomposition of R
and ¢ = rank(R) < r, also Hp is F-measurable. For completeness, observe that we may assume ¢ > 1; if
¢ = 0 the desired bound is immediate.

On the other hand, since G5 has i.i.d. Gaussian entries, its law is left-orthogonally invariant, in the sense
that for every deterministic Og € Q(N —r) we have OyG2 L G,. Moreover, (OgGa) " (OgGa) = G5 Ga, so left
multiplication changes only the left singular subspace, from @ to O¢@, while leaving (X2, V2) unchanged. It
follows that the conditional law of @ given (33, V3) is left-invariant on St(N —r, ¢), and by uniqueness of the
left-orthogonally invariant probability measure on the Stiefel manifold (e.g. Chikuse, 2003, Theorem 1.2.2
and Section 1.3.1), it is Haar. Furthermore, since this conditional law does not depend on the value of
(32, V), then @Q is independent of o(3s, V), and, since G; is independent of G2, we also have @ 1L F.

We have therefore shown that, conditional on F, the matrix Hp is fixed, while @ is Haar-distributed
on St(N — r,q) and independent of F. Hence, by Lemma 25, QHp is Haar-distributed on St(N — r, /)
conditionally on F. Applying the high probability bound in the same lemma and using (A2), we obtain
LU QHR|op < c1/(p+7+Cr)/(N —7) < e1/(p+7+(r)/N with conditional probability at least
1 — O(p;'°). The same bound also holds unconditionally. Since S = QR = QHpQgrJE and [|Qr|lop =
[Rllop = |QRllop = [|S]lop, we obtain

[p+7r+(r
HHJ-l\—IUJ-SHOP < ||H}UJ-QHRHOP ||QR||0p ||J1-|%—H0p <a THSHOP- (20)

The prefactor \/(p +r + (r)/N is precisely the projection factor that we aimed to obtain, as discussed at
the beginning of the proof.

e Conclusion. It remains to bound |S|lop. From (16) we get S = GoaKCA' + DaSAY, and, since

c

[C]lop < 1, the triangle inequality gives [|S]lop < [|G2K [lopl|Az lop + | D2llopllAZ  llopl|S]lop- The preceding
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Wishart bound for Dy in (17) allows reordering this inequality, and gives

oV N
1/2
YminPT

1Sllop < e1|G2K lopllAZ lop < 1 (21)

by (19). This, together with (20), yields |[TINULS|lop < c10ymi/ (0 + 7+ (r)/pr. Finally, since O =
(I = ST and [|C' = L[lop < [ISII2,, we have [TTLU(C = L) lop < [T Ulop|S]12p < 1525 [TILU op.

op’ op — aniin

This proves (9), and concludes the proof. O

Many useful corollaries can be derived from (9), yielding bounds that hold with probability at least
1— O(p;lo). In particular, for any fixed 2 € By(NV), by choosing Iy = 2 we have

or+ (r o’N
i3 T

|(UreteHy — U) 2|2 < 1 3
“Ymin P Ymin PT

1T |2 (22)

with high probability, which gives an estimation bound directly for the action of the error Uett Hy — U along
any fixed unit direction. Furthermore, for fixed k € [K] the same bounds hold blockwise, in the sense that,
for every fixed 1 < p < Ny, and Iy € RN1+XP with HJ—'\—,HN = I,, we have

. ovVp+r+ oiN
I (O — U)o < e 2T e T8 i 0o, (23)

Ymin P min

As a result, choosing Iy = I,, and using (A1), (A2) give |Ux Hy — Uikllop < €1 o Yt/ Nix/pr and,
as a byproduct, Ul—';cfflk is invertible, satisfying %’Z%Ir = U&Ulk = 2¢, Nj\l,’“ I.. This follows from Weyl’s
(Lemma 23), along similar lines to the proof of (8). This is particularly useful in our setting, as it ensures
that the matrix H ,‘J‘;’ used in Algorithm 1 coincides with ((A]lTkUm)*l with high probability whenever the

algorithm is run with 7 < % Indeed, in this case we have

co Nig - Nk ¢ Nig - - Nk
{szr =M= QC“NIT} - {Ir - H}ﬂ{ A

e Nig : /
St Ly Sy &, C{IT<H}, 24
(550 <) -
which further implies that P(ﬁk =7rl.)>1- O(p;lo). On this event, all eigenvalues of Hj, are at least 7,

hence \; V7 = \; for every i € [r], and f],‘gn;’ = fI,;l = (U} U) "

Lemma 7. Let A, Ac, C be as in Lemma 6, and suppose that the assumptions of Lemma 6 hold. There exists
a constant ¢ = c1(cy, Cu, Co, Coik, £) > 0 such that, with probability at least 1 — O(p;lo), we have

R = A7, < cronhuV/N

Proof. All the bounds below will hold on the events from Lemma 6, which have probability at least 1 —
O(p7'°). Using UTEU = GoK, CA.—A = A(C—L.)+UTZU C+UTZU,S, A=A, = A—CA.+(C—1I,)A,,
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~ ~

and CAZL — A1 = (C = I)A;' + A1 (A — A)A~! from Lemma 6, we can write

ICAZY = A Ylop < 11C = Lllopll A lop + IAZ  llopllA = Acllop A~ [lop
<IC = LelloplIAZ Hlop + 185 lop | A = CRellopllA™ llop + 1A HloplIC = Irllopl[AellopllA ™ llop
<IC = LelloplIAZ Hlop + 185 lop | AlloplIC = e llopll A llop + 1AZ Hlop 1T TEU [lop | Clop A~ [lop
+ A op U TEULSlop A lop + A7 lopIC = I lop | Acllop 1A lop- (25)

We now bound the five terms on the right-hand side individually. For the first one, combining |C — I, |op <
15125, 1A lop S Yminpz ' (21) and (8) gives

~_ o’N oVN oVN oV'N
”CiITHOPHAcl”Ol)gcl 1 7 — G 1/2 3/2 <a 3/2°

'minPT YminPT ’ymmpT /ymmpT

where the last inequality follows from (A3). The second term can be controlled by combining the previous
bound with [|A]jop[|A™ op < C172axPT VmiaPr = #2c1 and incorporating the constant x2 into c;. A similar
argument applies to the fifth term, using the bound ||/A\c||op S VinaxPT-

For the third term in (25), we can use ||Cllop < 1, A" op S YmiPr > (8) and the second line in (14) to

write

~ T2Ulop 1 VN 1 VN
12 enllU = g Cllo 1A oy < e S22 S < 00 P o — ey T
u r Yminpp ~ TminPT vmmpT

For the fourth piece, (11) gives U] ZU = GoK hence U TZU, S = K "G4 S. As a result, combining this
with (21) and (19) therefore implies

oV N
1/2
’lein
02N 1 ovN ovN oV N

St =a 172 32 G 3/2°
VaninPT VininOT mepT/ VB sl S

IAZ loplU T EULS llop|A™ llop < AT lop | G2 K oS llop A lop < e 1Sllop 1A llop

where the last inequality follows from (A3). Combining the five bounds concludes the proof. O

We next provide a representation of U Hy — U in terms of a Gaussian term and a remainder.

Corollary 8. Use the assumptions and notation of Lemma 6. Set Wy := ﬁleftHU—U—Eﬂftwleft(Wl;'—ftl/Vleft)’l,
and for fized k € [K] define Uy ok := (Vy)z,.e, where I, = {N1x, + 1,...,N}. For every fized x € Bo(Nay),

there exists a constant ¢1 = ¢1(cy, Cy, Co, Colk, k) > 0 such that, with probability at least 1 — (’)(p;lo), we have

|(Trar) Tzl < 1

o2 /(N T T ) + Cr) Hl( 0N +"m> U5zl (26)

VoninPT TminPT  Yominpa! >

Proof. Let T € Bo(N) be the zero extension of x to the coordinates Zy, i.e. T; = z;_n,, 1{i € Z}} for all
i € [N]. Then [|(Yu2k) "zll2 = [|¥f2]2 and |UTZ|2 = [|Ugyz]l2.

45



We now recall some important facts that were already stated and justified in the proof of Lemma 6.
For readability write E := EP,, Y = Y ,, W 1= Wi, M = MP, = UWT, and A := WTW. Let
U, € RVX(N=) be such that [U U,] € O(N), and define Gy := UTE and Gy := U] E. Since E has
independent N(0, 02) entries, rotational invariance gives that G; and G are independent Gaussian matrices
with independent N(0,02) entries. Set S := YY T — 0Ty pIn and A, = Hg(ﬁfcft — 02Ty p1.)Hy. Since
subtracting 02T17PIN does not change eigenvectors, ﬁ]eftHU satisfies §('71eftHU = ﬁleftHU/A\c. Write 0leftHU =
UC+U,S, where C := UTﬁleftHU and S := UIﬁleftHU. Because Hy is the Procrustes alignment, C' is
symmetric positive semidefinite and C' = (I, — STS)'/2. Expanding S—UAUT gives = := S—UAUT =
UWTET +EWU" +(EE" —o*T} pIn). Therefore U] ZU = GoW + G2G{ = Go(W + G/ ), and projecting

onto U, gives
S =Ga(W+GI)CA + DoSAY, Dy = (GoGg — 0?ThpIn_) P, (27)

where P denotes the orthogonal projector onto the column space of G3. In particular, this follows from
S = P55, which holds under /A\c = 0. Also, since EW = UG\W + U} GoW, the definition of ¥y gives
Uy =U{S —GoWA 1} +U{C — I, — GiWA~'}, consequently we have

1))z < I{S = G2WAT Y U zll2 + [[(C = LU &l + [{GIWAT Y U T 22, (28)

We now bound these three terms separately. First, subtracting GoWA ™! from the first equation in (27)
yields

S — GoWA™ = GoW(CA;! — A1) 4+ GoG CAZ + Do SAS L (29)

We recall that on the high-probability event from Lemma 6 we have A.(A.) > 3X\.(A)/4, H/AXngop <
X (M) S ]lop € 1oy /N/pr, and ||C — I |lop < |S]|2,- Moreover, arguing as in the paragraph
after (13) and simplifying some bounds using (A2), the same event also gives |GoW |op < c10||[W|lopV'N,
[G1W |lop < c10||W||opy/7 + (s and [|G2GY |lop < c10?y/NT1 . Now, using A.(A) > c192;,p7, the middle
term of (29) above satisfies

||G2G1TCKC_1||OP < 01022&-

TminPT

We now deal with the other two terms. First, combining ||C'1AXC_1 A Y op < 1073 \/]Vp;S/Q from Lemma 7
with the above bound for ||GoW ||op gives [GaW (CAZ? ~ A" Ylop < c10%y,2 N/pp. Similarly, the restricted
Wishart bound (17) for Dy and the bound on [|S|ep in (21) give [|[DaSA Y lop < c1027-2 N/ pr, thereby

implying

o?\/T1 , N 2N
IS = GaWA ™ op < €1 %P oy 2
YminPT YminPT

It remains to convert this operator bound into a Euclidean norm bound. Let Gy = QX5 V,' be its singular
value decomposition. Arguing as in the proof of Lemma 6, conditional on o(G1, X2, V2), the factor @ is Haar-
distributed on the appropriate Stiefel manifold. Since S = QR for an o(Gq, X9, Vo)-measurable matrix R
and GoWA™! = Q¥ V,' WA™L we can write S — GoWA™! = QR, where R is 0(G1,Xa, Va)-measurable

and has rank at most r. Now, let ¢ := rank(R) < r, and consider the compact SVD of R = LEDEMI%
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with L};LE = Iy, where the factors may be chosen o(G1, Xo, Va)-measurable. Conditional on o(G1, X2, Va),
the matrix Lz is fixed and @ is Haar-distributed on St(N — r,q). As a result, Lemma 25, applied with
d=N-r, H=1Lg A=2"Uy, and ¢* < (p, gives |[LLQTU |2 < ce1l|ZTUL|2/(r + () /(N —7) <
c1||ZTUL||27/(r + (r)/N, where the last inequality follows from (A2). Finally, using ||zTU |2 < [|Z]l2 = 1,

we obtain

~ _ _ _ ~ _ 7“+CT
IRTQTU[ |2 = |MzDLEQTU Z2 < [[Dgllopl LEQTUE|l2 = |Rllopl| LEQTU E|2 < ¢

1B lop

with probability at least 1 — O(p;lo), which therefore implies

o?/(N+T1p)(r +Cr)

IS — GaWA ™} TU T z]5 < ey
,ymlin

This concludes the analysis for the first and more problematic term in (28). For the second one, using
[C = Lillop < ISNIZ, and [|S]lep < c10 vt A/N/pr from proof of Lemma 6, we get |(C — I,)U Z|]y <
1oy A Np U TE|le = cro? v 2 Nppt [|Ug, o For the third term, Lemma 21 gives ||G1W|op <
c10||W ||opy/7 + Cr with probability at least 1 — O(p;'?). Also, Lemma 5 gives ||[W||op < al? ’ymaxpl/ and
IA  lop = Ar(A)"F = 0, (W) ™2 < ¢ 2ozt As a result, we have [ GrWA oy < [GLIV [lplI A~ op <
clam'ymaxplT/Q(vfnmpT)_l < e10v,5\/(r+Cr)/pr, which further implies |[{GiWA~}TUTz|ly <

10V (1 + Cr) /1 | U2

Combining the three bounds concludes the proof. O

As a sanity check, combining (26) and ffleftHU - U =9y + EliftI/Vleft(Wl;rftheft)’l with Lemmas 5
and 21 and Assumptions (A2), (A3), allows proving a bound for ||(Uete Hy — U) T 2| that agrees with (22).

Moreover, by applying Lemmas 6 and 8 to Yug we get the following corollary.

Corollary 9. Grant Assumptions (Al) with fized constants 0 < ¢y < ¢y, (A2) and (A3). Suppose further
that 0 < Ymin < 0min(Cee,j) < Tmax(Cee,j) < Ymax < 00 for all j € [K]|, and let £ = Ymax/Ymin. Write
YP = MP +ER, with ME, = Wy, V. Let (Uups Bup, Vap) 1= SVD,.(Y}h) and Hy := sgn(f/u—;V), and define
Uy = VupHV -V —(ER, )TWup(WTW )"t For fized k € [K] we also set Uy o := (V) 7, e, where Jj, =
{Tk+1,...,T}. Fiz alsoy € Bo(T) and y € Bo(Toy). There exists a constant ¢y = ¢1(cq, ¢y, Co, Colk, &) > 0

such that, with probability at least 1 — O(p 710) the following statements hold:

(i) We have
. - oVT F a*T _
|VupHy = V)T glle < cd Y EEN oy T T, (30)
Vmin PN Tmin PN

(ii) We can bound the operator norm as

HvupHV - Vllop < (31)

1/2°
Ymin PN
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(iii) We have

197, yll2 < @1 (32)

“YrQninPN %zninpN Ymin pjl\{z

02¢<T+N17p><r+<N>+cl< o oVTH ) Vakyllo

Proof. The proof follows by applying Lemmas 6 and 8 to (Yupp)T = VW,;';, + (EEP)T. In particular, (30)
follows from (22), (31) from (9) with IIy = Ir and (A3), and (32) from (26). O

Returning to theoretical guarantees for quantities obtained from the SVD of Vi, the following result

controls the estimation error for (U wUik) ™ U1 > @ key object for predicting the c-block from the a-block.

Lemma 10. Adopt the assumptions and notation of Lemma 6. Fiz k € [K], write Hy = Ul—l;gch and
ﬁk = (UlkHU)TﬁlkHU, and set Dy, := fI,;l((A]lkHU)T—Hk_lUl—;. There exists ¢c1 = c1(cy, ¢y, Co, Colk, K) > 0
such that, with probability at least 1 — O(p;lo), we have

oV N N
[ Dkllop < Clﬁ N (33)
min P

Proof. We showed in (23) and the discussion thereafter that UlkHU has full column rank on the high-
probability event of Lemma 6. On this event, letting Ay := Ui Hy — Uy and using Dy, = ﬁk_l(UlkHU)T —
H'US = (U Hy)t — UL€7 Lemma 24 gives
Dy = — Ul AUy Ho) + UL (UT) T AT {In,, — (U1 Hy ) (Uyp Hy )t
k Ak (Ui Hy )" + U (UY) " Ag {Iny,, — (U Hy ) (Ui Hy ) '

As a result, we have

N a\/ﬁ
HDk”op < ||U1Tk;||op||AkHopH(UlkHU)THop + ||U1Tk||opHAk||op (\T‘F l)ce Nix ||Ak||op Sa—7

minp;“/2 Nilk?

(34)

where the penultimate inequality follows from (A1) and N”“I =< UlkUl;C < 2¢, N“‘I , while the last one
follows from the discussion right after (23). This completeb the proof. O

Lemma 11. Grant the assumptions of Lemmas 6. Fizk € [K], and recall Hy, = UlTkUlk, flk = HJUlTkUUfHU.
On the high probability event where Hy, is invertible, define L := UvaHU.E[]:lH(—]rUl—;C — ngHl;lUl—';C, Writing

AL = LUlkCo,oJc - (Elift){N1k+1,...,N},oWIeft(Wl—erftVVleft)ilco,o,ka (35)

for every fired x € By(Nay) there exists ¢ = c1(cy, cu, Co, Chlk, &) > 0 such that, with probability at least
1—O(p;'°), we have

o V(N +T1p)(r + 1) ovV'N

+
YminPT p;,/Q

[T ALll2 < 1 ||U2Tk$H2 (36)
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Proof. Using H,;lUl—';ﬁUlk = I, by definition of L, we have

LU1Ce 0 = Ui Hy H  HE U Uik Co o 1 — Uo Hy UL Ui Co o
= (Vs Hy = Usi)Core + UsiHy (H " HF U, = HY'U ) UnCavas

Also, the definition of Uy o in Corollary 8 gives Usp Hy — Uy = (Eﬂft){N1k+17,__,N}7.Wfleft(VVlthWmft)*l +
Uy 2k Substituting this identity into the above display and using the definition of Ay in (35) give Ay =
Wy2kCo ek + Unk Hu (Hy VHy Uy — H WU )UikCoe i

We will use this to control the Euclidean norm of 2" A, by bounding the norm of each of the two term

separately. For the first one, combining (26) with |Ce,e.klop < Ymax = K¥min gives

2" W0 2kCo 0 kll2 < [ICooellop 1V 2422

02\/(N—I—T1,p)(7“+CT) fe ( 2N n aW) HU2T1c$||2

YminPT Ymin PT p,;/Z

Second, recalling Dy, = ﬁk_l(UlkHU)T — Hk_lUlTk from Lemma 10, we have

& " Usk Hy Di UriCo iell2 < | H Ugi|l2 || Dy UtiCe0.kllop
< (OokHy = Ust) Talla + [UZ2l2) | Dk UniCo,oriloy
/ 2
<a <U erCT—|— o N

“Ymin P;/Q Ymin PT

1Uzkell2 + Uka||2> I Dk UriCo o k[l

o\ T+

( LG U;xm) | Di UriCoso el
Ymin P
o\/T + CT

( Tt U;x||2> I Dillop 118 lop 1Coe.llp
“Ymin P

JQJTT) oVN T

<a + e 1022,
Ymin PT pT

where the third inequality follows from (22), and the last one from (33), (A1) and [|Ce e kllop < Ymax = KYmin-
Combining the two displays and using (A2), (A3) concludes the proof. O

Lemma 12. Grant Assumptions (Al) with fized constants 0 < ¢; < ¢, (A2) and (A3). Suppose that

0 < Ymin < Omin(Cee,j) < amaX(C. .J) < Ymax < 00 for all j € [K|. Write Yh, = MP, + Ef,, where
=Wy, V. Also recall (Uup, Zup, Vup) =SVD,(Y}h), Hy = sgn(V—Ir,V). Writing
By = UnpSup Vi — ME, — ER VT — W (W, W) T WL ER (37)
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for every fized g € RNv» and y € Bo(T) there ewists a constant c; = c1(cq, Cu, Co, Colk, k) > 0 such that

a?\/T(r +(n) ovr+ (N T

-
97 Bupyl < e TN gy ey DT EN ol eo— T gl IV Tl
Ymin PN Ymin P Ymin PN
oVT
=2 Wl IV Tyl (35)
“Ymin PN
with probability at least 1 — O(p*Y).

Proof. Write Mg, := UypSup Vb, 0y := VipHy — V, and Wy := by — (ER)) T W, (W, Wip,)~!. Combining

up?

this with UupEupHV =Y (V +dv) gives

M2~ ME, = YR (V 4 00)(V +0y) T = Wi VT = (W VT + BR)(V 4 80)(V + )T = Wy VT
=ERVVT + ER VS, + YR oy VT + YRy + Wby
=ERVVT + Wi (W, Wap) "W LER + ER VS, + Y26y VT +YP Sy oy + Wup Uy

This, together with the definition of @, in (37), gives g @,y = g ER V§Vy+gTYupp5VVTy+gTYP Sy oy y+
gTWup\I/;y.

We now bound each of the four terms in g'®,,y individually. By (30) and (31) in Corollary 9, with
probability at least 1 — O(p&lo) we have

2
AGRESY e ovT (39)

-
H(SVy”Q < 1/2 +ca ||6V||0p <a—7m 1/2°
Ymin PN mlnp Ymin PN

Combining the first bound with Lemma 21 and (A2) gives

9" ERVovyl < (B2 "gll2llovyllz < cro/T + v llgllz 169 3]l

o?/T(r+{(n) o3T3/2
<a———7z gl + a3 lgll2 11V " yll2-
Ymin P min

Next, using [[(Vi5) "gll2 < [(ME,) Tgll2 + [I(ER,) Tall2 < [Wilhgll2 + 1o VT [lg]l2, we also get

oVT

g YRV Tyl < [(YE) Tgllz 16y llop IV T wll2 < 0171/2||( P) gl IV Tyl
minpN
oVT
< 1= (IWhglle + oVT lgll2) IV Tyl
mln pN
oVT a?T
<a—— 75 wpdll2 [V T yllo + c1———73 llgll2 IV Tyl
Ymin PN Ymin PN

Similarly, for the third term we have

oVT
9" YRVl < (YE) gll2 [6v llop 16vyllz < e ———751(YE) " gll2 17yl
f)/mlnp]\{
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T

.
< 175 (IWhgllz + VT lgll2) 1679112
Ymin PN
oVT ovr+(n o?T
< 1= (IWihgllz + VT llgll>) o+ IV Tyl
'lenpN ’lenpN min pN
a?\/T(r +(n) 3T+ Cn a3T3/2
< o TN W gl + e TN gl + e Wik gl 1V Tyl
712ninp P 12nin N Eﬂin %2 P
)
c*T T
+Clﬁ\|9||2||v yll2-
min P N

It remains to control the term involving ¥y . Using the definition of ¥y and Lemmas 5 and 21 we can write

g Wap¥y| < ‘gTWup6Vy|+‘gTWup(WTW ) TTWLER

< Wapgllz (160yll2 + | (Wl Wap) ™ llop Wil ES, yll2)
ovr+(n o?T 1
< a1 Wipgll T T IV yllz + ———— ol Wapllop v/ + (v
‘min PN ’Vminp min
ovr+(n
sa 13 W, p9H2+cl 3 H ng2||VTy||2
Ymin PN “Vmin P
Combining the four preceding bounds and simplifying them further using (A2), (A3) proves (38). O

Lemma 12 provides an upper bound on the approximation error of the entire pooled upper matrix Mg, =
WV ', By restricting @y, in (37) to the subsets Z,” = {s; + 1,..., sx + Nix} and Jj, = {T1 + 1,. T},

computations similar to those in the previous proof allow us to quantlfy the approximation error of /\/l. .k
Corollary 13. Suppose the assumptions of Lemma 12 are satisfied, and use the notation introduced there.

Also define Mék) = (ﬁupiupf}u )z 7, and recall ./\/l. o = (M) 1w 7, = UiiCe ek Vyr- Writing

(I)k = ]/\Ib(k) M. ok (EEP)I}‘:P,. VVQ—Z - Ulk Co,o,k (WLWup)ile(EEp)‘,JM (40)

for fixed © € Bo(Nak), y € Bo(Tok) there exists a constant ¢1 = ¢1(ce, Cu, Co, Chik, &) > 0 such that

_ oV + (N oVT
|2 Uk (U Ur) "' UL @iyl < e THU%@"”Z + a7 e Uzl | Varyll2, (41)

PN

_ ovr+ N- N
|2 U dey || < e S T Vel (42)

1/2 12
X P

_ 3T\/7’+CN o2/ Nui( 7“+CN 0?\/T(Niy, + 1)
Iy, = Uni{ U Ui} UL @rylla < e 7 73 1Varyll2

mmpN Ymin PN Ymin PN

(43)
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with probability at least 1 — O(p;,w).

Proof. Restricting (37) to the subsets Z,* and J; and using the definition of ®; in (40) immediately yield
Pj, = (Pup)zye, 7, In order to prove (41), set By, := Uy (U}, U1x) ~'Uy), and define g € R¥» and g € By(T)
to be the vectors with entries g; = (B 2);_s, 1{i € Z,*} and 4 = w—1,, 1{t € Ji}, respectively. This
ensures that V' 'y =V, y and that |g" ®,,7| is equal to the left-hand side of (41). Furthermore, from (A1)
we have lglls = 1B 2ll2 = 10tk (ULUw) " Ushll2 < 10U Unk)~ oplUgkllz < ¢ 2 /N Nox Uy,
and W, glls = ||C.).’,C B x|l = |Ic] .k Uy ll2 < Ymax||Usy, @|l2. Combining these with (38) and further
simplifying the resulting bound using (A2), (A3) proves (41).

It remains to prove the last two bounds. Using the expression for ®,, from the proof of Lemma 12 we

get
Dy, Y= (Egp)IEP,OV(S;g + (Yvupp)Ich‘p,o(SV‘/T y+ (Yupp)I;:p,odV(S;g + UlkCO,O,k \IJ; Y. (44)

We next bound the norms of the four terms separately under the action of (U}, U1x)~*/2U]. As for the first

one, using Lemma 21 and the bounds for |64z and ||dv|lop in (39), we get
IO U1) 20 (BB 2w SV Oy Gll2 < 1T Usk) UL (BB ) zye Vo 107 7ll2 < c10v/r+ G (16752

ovr+ (¢ o?T
< c1oy/ T+ CN ( 1/12\[ + 2 ”‘/Q—I:y”Q) .

Ymin pN ’ymin PN

Similarly, for the second and third terms in (44) we have

(U Uk) ™ 20U, (V) 2w o 6 (VTG + 60.9) 12

(U Uk) " PUGAME ) 7w o + (BR) 2w o} 6y (VT G+ 659) 2

(U Ue) 20 AME ) 2o o + (ER) 200 o Hlop 10V lopl[V 75 + 673112

[(UU1k)2Carak VT + (U Usi) " 2ULEE opll0v loplV T 5 + 63712
N T+

< (H’Ymin\/]\lfk+0ﬁ Jf/z <U : 1§év+||v2—ll;y|2>~

Ymin PN YminpP N

ININ

710)

Finally, using (32) in Corollary 9 to bound || ¥y 4[> = || ¥y, vk Yll2, with probability at least 1 — O(py ) we

have

le le

(U1 Urk) ™20, UtiCa ok O, Fll2 < €1Ymax 1072 = c16Ymin [N

/N o’/ (T+ N1 ) (r+¢ o?T or+
< C1Ymin ]\1/—16{ \/( Lp)( N) + < 2 + 1§év ”‘/2;:[/”2 .

VininPN YminPN YminPf N

Combining the last three displays and further simplifying the bound using (A2), (A3) proves (42).

In order to prove (43), we will make use of the fact that In,, —Uix{U;}, U1}~ U]}, is the orthogonal pro-
jector onto the orthogonal complement of col(U). This also implies that || In,, — U1 {U,L. Uk} L Ul llop = 1
and rank(In,, — Ulk{U U1k} ) Ny, — r. This implies that the signal contribution from the second
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and third terms in (44) vanishes, and we are left the error matrix only. More precisely, we have

1INy = Une{ U Uk} U (Y8 ) e o 00 (VTG + 609) |2
= |(Iny, = Uni{U Ui} U (BB ) 2w o 0 (VTG + 60:9) o
= |(Inyy, = ViU Uk} UL) ES) 6v (VT 4 679) 2
<N Unye = Une{U U} U B llop 16V lop IV TG + 7312
< e10y/T + (Nu =) + (v [16v [lop VTG + 679l

oVT O'm
<coyNy+T 72 ( T2 szy|2>-
Ymin PN YminP N

The fourth term in (44) completely vanishes under the action of I, — Uy {U} U1} ~1 U]}, while the first

one gives

Iy, = Uni{U Ui} " U (BB ) 2w oV v illa < 1(Iny, — Une{Urp Uk}~ Up) (B2 2w oV lop 107312

B o\Tr + o?T
<cioy/r+ (Nig — 1) +Cn 16032 < 1o/ Nig < 1§]2V Jr7 ||V21,;y||2> :
’mePN min PN

Combining the last three displays and further simplifying the bound using (A2), (A3) proves (43). This

concludes the proof. O

) _ u;’;} as the

We now present the main results of this section, which give a first-order expansion of u(
sum of Gaussian terms and remainder terms that can be suitably bounded from above. In the special case
K =1 with x = e; and y = e, analogous expansions were proved in Yan and Wainwright (2024). Our
results therefore generalise these earlier expansions to arbitrary K > 1, © € Ba(Nak), and y € By(Toy), while
also providing remainder bounds obtained via different techniques. In particular, the approach in Yan and
Wainwright (2024) relies on a leave-one-block-out argument, which could also be adapted to the present
setting. However, this approach becomes suboptimal when K grows: in particular, the resulting remainder
term is negligible only under a signal-to-noise ratio condition that deteriorates with K. We therefore instead

rely on the preceding lemmas, which yield analogous results under weaker conditions.

Lemma 14. Grant assumption (A1) with fixed constants cg, ¢, satisfying 0 < ¢y < ¢, < 00, (A2) and (A3).
Stuppose furher 8ot 0 < i < Guin(Cors) < Tnas{Cons) < s < 06 Jor all 5 € (K], and et 1 =

Ymax/Ymin- Fiz k € [K], unit vectors x € Ba(Nag), y € Ba(Tar), and let ,uxy be the output of Algorithm 1
. Also write the decomposition ,u( ) u(z@) = Z%) —|—Z£y) Zg(gi) Zg(f;) +Apy = Zyy+Ayy,

run with T < <Gk N““

where

Z3) = 2T (D)1, .0 Wiets (Wil Wiert) ™ Covo ke (Wi, Wap) " Wil (B2 )e. 7, ¥
ZQ%) =z Usy Cosek: (VVILVVu )~ lwll)( EP )'Jk Yy
28 = a T Usp (U Unk) " US(ER )z o V Vil y

ZG) =T (EDy)7, 0 Wiete (Wils Wiett) ™ Coro Vo, ¥- (45)
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There exists an event Gy with P(G1) > 1 — O(py'° + pp'°) such that, under Gy, the remainder satisfies

a?\/(r + T+ o\T + o\T+
N PR A G <0 IR A0 AL 7% o N A iR 175 g
YminPpN Pr Pr PN
ov N ovT
+ 17 1Ugkall2 )| Vaiyllz + 175 U2l Vagyll (46)
Pr PN

for a sufficiently large constant ¢y = ¢q (Cf,Cu7C()7 Cblk, /<a) > 0.

Proof. Let Gy be the intersection of the high-probability events in Lemmas 6, 10, 11, 12, 21 and Corollaries 8,
9, 13, applied with the specific deterministic choices of projection matrices and vectors used below. By a union
bound, we have P(G1) > 1 — O(p&lo +p;10). In particular, arguing as in (24), we know that, under G;, the

matrix ﬁ}f;’ used in Algorithm 1 coincides with (U{;U}k)_l whenever the algorithm is run with 7 < %
Recalling the notation Hy = UlTkUlk, ﬁk = HJU;,CUUCHU, L= ﬁngUfAfk_lHJﬁlTk — ngHk_lUlTk, and using

the expression (35) and (40) for Ay, and P, respectively, we can write

) — nl) = 2T U (U Uw) T UL US) SupVaky — @7 UskCo o 4 Vaiy
= & Uso(U3U) L0 MMy — 2T Ua (U, Ui) LU M) Ly
= & U (U U) LU (M = M) )y + 2 LMYy + 2 "L (M — MY )y

0.0k o0k

up

= 2" Us (U Ur) Uy, {(Eﬁp)z;gp,-VVzZ + UiiCoro k (Wil Wap) ™ Wi (BB, e, 7, + q’k]y

+ xTLUlkc-,o,kVé—lzy + xTL {(Eﬁp)z,jp,.Vsz + Ulkco,-,k(WquWup)_quTp(Egp)-Jk + (Dk} Yy

= 2 Ui (U, Urk) T U (B ) 1w oV Voiy + 2 T UiCo o k (W, Wap) ™ Wi (BB Ve 72y
+ 2 Ui (U, Unk) "' U @ry + 2T LUCe o 1 Vory + & L(ER, )20 oV Vory
+ 2" LU1kCo 0 k(Wi Wap) " Wb (ER e 7y + 2 L&y
=Z8) + 28 + 2T Une (U, Ure) "' Uy @1y
+ 2 (Bl 2,0 Wiett (Wige Wiett) ™' Coo i Vary + 2T AL Vopy
+al LB, )ze SV Vapy + " (B )z e Wiet (Wil Wiete) ™' Co,o b (Wi, Wap) ™ Wiy (BB, e 21y
+ 2T AL (W W) T W (ER )7,y + 2T LOky
=20+ 282 + Z8) + Z8) + 2 U (U, U) "' UL @ry + 2T ALVoLy
+ xTAL(WLWUP)71W1J—|;>(E5p)‘,Jky + xTL(EEp)IEp,OV‘/Z—IEy + xTL(I)k:QL (47)
We will now bound each of the remainder terms individually. The first term is controlled directly by (41),
while for the second term is enough to write |z " AL Vol y| < ||z T AL|l2]|Voryll2, and bound the first factor

using (36). For the third one, start by observing that Lemma 21 gives ||(W,];Wup)’lwg—p(ESp).Jky||2 <
1oy VT Oy p;vl/2. Applying again (36) from Lemma 11 then gives

2T AL (W Wap) T WL (ER eyl < T ALllz [[(W, Wap) T WL (ER e g 0ll2

up
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2\/ N+T1,p)(’/’+CT) U\/T+CN O’\/ﬁ U\/7'+CN

< A PT Wmmp}vﬂ + ¢ 1/2 ||U2k 2 i p%z
3\/N+T1 p) (1 4+ CN)(r + Cr) oVN ovr+Cn
- 1/2 +a 1/2 1/2 ||U2k:$||2
’ymlnpN pT Pt Ymin PN
o/ (r+Cn)(r + o+
< \/ CN ( CT) +Cl CNHUQ—;ZE”Q,
1/2 1/2 1/2
"lenpN pT pN

where the last inequality follows from (A3).

We next control the fourth term in (47). By the definition of L, for any vector w € RN* we have
Lw = (UspHy — Us)H 'UJw + Usy Hy Dyw, where Dy, = H YUy Hy)T — Ho'UJ,. Applying this
identity with w = (Effp)z;l“,.VV 1y and using Uy Hyy — Usy, = (B ) (N1, N e Wiets (Wile Wiere) ™!+ W o,
with Wy of defined in Corollary 8, gives

e LBz oV Vary = T (Bl (Nyt1... Ny e Wiets (Wi Wier) ™ Hy " U (BB, ) e oV Vory

+ Wy Hy "US(ER) o oV Vaiy + 2T Usk Hy Di(ER, ) e oV Vory. (48)

We bound these three pieces separately. Since (E[ g ){n,.+1,..,N},0 and (Egp)l,ﬁp,- are independent, condi-

.....

tionally on the upper-pooled noise (£}, )Iup o, the first term is a Gaussian random variable with conditional
variance o2(|Wiege (W lg Wiers) " H, UL w(Ehy )Zzp7.VV2—',;y||§ and mean zero. Combining this with Lemma 21

and a standard Gaussian tail bound gives

2T (B ) (War 1.V} 0 Wiett (Wil Wiest) ™ H, UL (BB ) 2w oV Vo
< c10V/Gr ||[Wien (Wil Wier) ™ (UU1k) " UIk(EB, )z o V Vi,
< 10 /G || Wiew (Wl Wiee) ™ (UL Un) UL (BB )z V| IVl
< 10V Cr (4 G | Wiese (Wacee Were) ™ |, | U0k Une) 7 UK, [1Vak

o [N¢r(r+¢n) o T Cr
Ymin ?Vlk T ~ HVQ—IZsz < ClTQT HV2—|l;y||2

=

with probability at least 1 — O(p ;\,10 + p}m), where in the penultimate inequality we used Lemma 5

to get ||[Wiets (VVII&VVleft)_lnw > (Mlle):ft) < 621/27;11111 PT1/27 and (A1) to get H U1TkU1k) U k”

e, V2N Nik. Similarly, for the second piece in (48), Lemma 21, (A1), (A2), (A3) and ive
¢ Y g

Op_

e Wy o Hy ' (ER ) 2o oV Vay

_ N(r+<¢n)
<Gl | H Ul (B )z oV Vil < 1.0y | 2 Vol (98 oy
N(r+¢n) o®\/(N + Tip)(r + (1) a’N  oVr+ir
<ao Wil { TN T (o + | WUkl
Nl YminPT YminPT Ymin P

< o VN + N+ Tip)(r + Cr)

< Va2
Y2 imPrV N1k 2k

55



N(r+<(n) [ o*N oVr+¢
tao N11cN <7311in+ ’lenp;/QT el Vol
+ VN
< P il + e 255 0, [Vikol,-
T T

For the third piece, (22), (A2), (A3), Lemmas 10 and 21 yield

& OaHo DBl gy oVVahy| < |HE Ugi 2 1 Dilop H(Eﬁpn;p,.vv;yuz

o\r+ oV N
- (Wﬂwg,ﬁb) Nk Vil

1/2 12
YminPT YminPT
0 N\/r—i—CT o’N
<c IVakyllz + e1 ——75 U2l Vayyll2
’Ymmp YminPT
oV +Cr 5T oVN o7 T
sa e [Varyll, + 1 e [Uagexly [[Varyll, -
T T

Combining the last three displays leads to

VT + VN
T V| < e S Wl + e el Vil
T T

Finally, we control the fifth term in (47). Letting Py := Ulk(Ul—';cUlk)’lUl—';g, we can write
T T T
r LOry=a LPPry+x L(Ile — Plk)q)ky. (49)

We will now bound the first projected component. Set z := C. . k(Ul—';fUlk)_lUl—;q)ky, so that P ®ry =
Uk (U Urk) “1U ®@ry = U14Ce o 1 2. Using the definition of Ay, in (35) we obtain

xTLPIk(I)ky = 'rT(Elpeft){N1k+1,...,N},oWleft(VVIthVVleft)_lco,-,kZ + xTALZ
=2 (B (N1t 1,008} Wiett (Wieg Waete) ™ (U Une) ™ Upy@ry + 2T Az

We bound these two pieces separately. For the first one, Lemma 21, (A1) and (42) give

& (B ) (Nupt 1N} e Wiett (Waige Wiert) ™ (U Uri) " UL @iy

< H:NE%;&){Nlm,...,zv},-ch&(WJ&WMQ*<U11U1k>*1/2H2 |l v,

< 0 [N+ am\/m N1k||V ||
" Ymin Nk pr 1/2 1/2 2k Yll2
o/ (r+¢r)(r+Cw) (7’+CT)
=a \/ 1/2 1/2 +Cl 1/2 1/2 ||V2ky||2
YminPpN Pr YminPn P
o+ ) +4v) | ovrtir
AU GRSV GRS BN A A (50)
/2 1/ /
TminPN Pr pr
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For the second projected piece, using omin(Ce e k) = Ymin > 0, (A1), and (42), we have

l2ll2 = ot cULU) T Uy
_ o\Tr+ oVT
— ’len (UlkUlk 1/2H H U]LUUC) 1/2U1qu)/€yH2 S 1 15;\] +a 1/2 ||Vv2ky||2
YminP N YminP N
Combining this with (36) gives
o® /(N + Ty p)(r +(r oV/N
oA L] < 0T Alalzll < o Y AT IO R OV o),
YminPT Pr
<o VW AT+ )0+ ) | VTN A Tp) +Gr)
= 1/2 1/2 o1l
%mnPT/)N ’YmmPTp
o? (7“ + CN) NT
o 1m llelxllwclim 1Tl Vaiyllz
mepT P '}/rmin
a2\/(r + () (r + () ovr+(r ovr+ (N oVT
<a v e T a1 IVakyllz + e =5 [URzll2 + e1 — 75 Uz ll2 [ Varyll2,
/2 1/ / / /
TminPN Pr Pr PN PN

(51)

and concludes the analysis of the first term in (49). It remains to control the component orthogonal to Uyg.

In particular, since Ul—;c (In,, — Pir)®ry = 0, the population part in the decomposition of L vanishes, hence

L(In,, — Pip)®ry = Uoy Hy H P HY U (I, — Prg)®ry — Usp Hy 'U L (I, — Pii)®ry
= UsiHy (ﬁEIHJUJc - H;ZIU;O (Iny, — Pir)®ry

= Us Hy Di.(In,, — Pii)®ry.
Therefore, (22), (33), (43) and (A3) give

2" L(Iny, — Pu) @iyl < | HY Ugp|l2l| Dillopl| (Iny, — Pri) @ryll2

o+ (r T oV’ N N
S C1 1/2 + HUkaHQ 1/2 N
Ymin P ‘min O 1k
< 3T\/7r+(1v o%/Niy r+g*N o2 T(le-l-T)HVTy”)
1/2 2kJ112
"YmmpN ')/mmpN 'Yminp]\{
U5NT\/(T—|—§T )+ <) 04N\/T+CT ) +<nN) 04N\/(T+CT)T(N1k+T)
= 1 ~ + ¢ 1/2 ta 3 1/2 ”VQky”Z
TminPTPNV N1k V2 imPTPN VominPTPN VNik
o NT/r+Cn 3N+ Cn o*N/T(Ny, +1T)
ta——n Ul + o — s Ul + oo =15 15— Uz 2|Vl
,yl’l‘llin PN le ’yl‘ﬂiin pN ’ymiin pN N
o?\/(r + ¢r)(r +¢n) or+ (1 ovr+(n oV N
<o i Ta— Vel + e =5 ||U2Tkx||2+0171/2 U2 ]| Vakyll2-
FlenpN pT pT pN pT

(52)
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Combining (49), (50), (51), and (52), we obtain

o/ (r+ () (r+ Cw) oT + Cr oI

T T T
|(E L(I)ky| <a 1/2 1/2 +ca 1/2 H‘/ZkyHQ—’_chHUWQx”Q
YminP N P Pr PN
oV N oVT
+ 0117/2\\U2Tkx||2||‘/2£y||2 =+ C1ﬁ||U2Tkx||2|W2TkZ/H2-
Pr PN
Combining all the previous inequalities gives a bound on |A,,| and completes the proof. O

Lemma 15. Consider the setting of Lemma 14, and further assume (A4) with v, # 0,1, # 0. Also let Gy
be the event such that P(G1) > 1 — O(pxy"" + pp'°) under which (46) holds. Define

2 2 2
o?(r+<¢n) o?(r+¢r) o*N
Yoy 1= ———= U3 + ———= Va3 + 57— U3 1Vaiwll3-
PN PT 1k

We have ]E[Zgy] < ¢1 Yoy for a sufficiently large constant ¢ = c1(cy, Cu, Co, Colks Ky Vg, Vy) > 0. Furthermore,

under Gy, the remainder satisfies Aiy <1 Yay.
Proof. We will use E[Z2,] < 4 Z?Zl E[(ZJ(LL))Q], and bound the second moment of each ZJ(fy in (45) separately.
First, from Z8;) ~ N(0,0 ||z T Usy Ca,e i (W5 W) " WL |15) we get

_ 2
E[(Z2)?] = Var(Z2) = 0% || Uzk Ca,ere (Wy Wep) ' Wi |1

I$20

2
1Uskll3,

— 2
< o7 Ol e (W o) WERIC, < 2

where the second inequality follows from Lemma 5. Furthermore, similar computations allow showing that
E[(25))2) = Var(Zsy)) < w20 ¢ [Vahyll3 p7" and E[(Z53))?) = Var(Z33)) < o2 ¢ ' (N/Nui) [lU3 [[Vagyll3.

Finally, for the first term we have

2
EI(Z8))) < || (Wil Wier) /2C0 a e (Wl Wap) ™/

op

2 2
xE H(Wl;rftvvlcft)71/2M/vl—crft(Elp:3ft)—Irk,ox ‘2 H(WJ;Wup)ilquTp(Egp)'Jky ’2]
2
< || W Wier)/2C e (Wi, W) /2
op

1/2 1/2
4 4
X {E H(Wl—lc—fthft)il/zm—crft(Elzft)—lrk,ox ‘2 } {E H(W‘LWHP)AﬁW‘I’(ESp)'J’“y ‘2 }

2
= O—4T(T + 2) H(Wl—gftvvleft)il/zco,o,k(W$W11p)71/2
op
< anzx otr(r+2) <e 2047°2 .
€¢ Ymin PTPN TYminPTPN

The second bound follows from the Cauchy—Schwarz inequality, the first and only equality uses the fact
that o~ (W] Wiess) "V 2W 5, (Ehg)7, o and o W Wap) " V2W L (ER))e 7,y are standard normal vectors
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in R", and hence have fourth moment r(r 4 2) in squared Euclidean norm, while the penultimate inequality
uses Lemma 5 to obtain Amin(Wl—Crfthft) > coy2,,pr and )\min(WILWup) > ¢¢y2,,pn- Furthermore, we can

show that this term is dominated by either one of the first two terms in Y,,. Indeed, we have

otr? otr? N T 12 02N 1 o%r & o?(r+ ()
2 = 3 5 |Ugpl|l3 = 5 T3 || 2kL Hz 27||U2kx||2~
’ymiinpN rymiinpN ver fymin PT Vi PN vz PN

This, combined with the previous bounds and min(r + {n,r + {7) > 1, gives E[Zgy] < Yoy
Coming now to bounding the remainder, we observe that the second and third terms in (46) appear in
the definition of T,. It thus remains to control the other three. Using the definition of v, in (A4), for the

first one we get

02\/(T+CT (r+d(n) 02\/(T+CT )(r +¢n) VN oV N 0\/(T+CN Y1+ ¢r/r)

= [Ugp|l2 = [Uzk|l2
1/2 1/2 1/2 1/2 1/2 1/2
’lenp]\{ ,DT/ f}/mlnpj\{ T/ I/x\/;n '-lein/ Vg p]\{
coo/(r+¢n)1+Cr/r) T
< — 1/2 HUQkx”2'
v /

Arguing by symmetry and using min(¢y, {r) < cpik 7, we can thus conclude

2 1 1
VEFETT ) _, Wm{ OVTI W||v2;y||2},

1/2 1/2 1/2 o 1/2
Yeninfn PF Ve py vyl

Similarly, we can bound the fourth term in (46) by

oV N oV N v/ o1
1/2 ||U2k:xH2 ||Vv2k:y||2 17/2 f ||Vv2k:y||2 Vg 172 H‘é;yH?
Pt Pt

An analogous bound holds for the fifth term, thereby showing that |A,,| < ¢;v/T,, on the event where (46)
holds. This completes the proof. O

D Additional results

D.1 Sufficient conditions for (Al)

We comment further on (A1) by providing two sufficient conditions under which it holds, either determinis-

tically or with high probability.

Lemma 16. Let U € RV*" have orthonormal columns and assume there exists u > 2 such that |[U "e;||3 <

wur/N for all j € [N]. Let Uy be any submatriz formed by selecting N1 rows of U. If Ny > 5 2‘" 7 N then

5
i

assumption (A1) holds with ¢, = 3 and ¢, =

Proof. Write the row vectors u; := U'e; € R", so that Z; 1 UjU =U"U =I,. Let S C [N] index the N;
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selected rows, and let ST be the complement with Ny := [SC| = N — Ny. Then

USU =Y uju) =1, = Y uju) =1, — Uy Uy,
JjES jese
where Uj is the submatrix of the remaining Ny rows. Since UQTUQ > 0 we immediately get UlT U, = 1I,.
For the lower bound, combining Amax(Uy Us) < tr(Uy Uz) = |Us||% with incoherence gives
ur
10213, < V2% = D llusll3 < N 7
jest

which leads to

N. 1 1N
Trr 1 _ 77T >< _pr 2) NS
UyU,=1,-U, Uz = (1 ¥ Ir72I,«72NL,

In particular, the last step follows from N1/N < 1, while in the penultimate inequality we used N; > Zur N

2ur+1
N. 41
which implies No/N < 2m’+1’ and thus 1 — 4522 > 1 — 2;;:_1 = Qfﬂr‘il > 1
For the upper bound, it is useful to notice that 5 N 5 > 222‘” > 1, where the middle inequality follows
pr+1

from pr > 2. This, together with Ul Uy < I, shows that U Uy 21,23 5 N1 I,., and concludes the proof. [

Lemma 17. Let U € RN*" have orthonormal columns and satisfy ||U"e;||3 < pr/N for all j € [N] for
some p > 1. Let Uy be formed by selecting N1 rows from U uniformly at random without replacement. For
all e € (0,1) we have

N1 N1 N182
P{(l —&)— N I, = U'U < (1 +E)NIT} >1- 2rexp{— S [
Proof. For each j € [N], define u; :== U"e; € R". Let S denote the random set of N7 row indices sampled
uniformly at random without replacement from [N], so that U’ U; = 3 jes W T Equivalently, we may write
UlU, = Ziv:ll X, where X,..., Xy, are sampled uniformly without replacement from {uju; :j € [N]}.
Each wju, is positive semidefinite, and by the incoherence assumption we have )\max(uju;r) = [Ju 3 <
pr/N =: B for all j € [N]. Moreover, each X; has marginal distribution uniform on {u;u] : j € [N]}, so

1 < 1 1
_ P T _
7f;ujuj =_—U'U=—1I,.

Writing A_ := /\mm(ZN1 EX;) and Ay = )\max(ZNl EX;), we thus have A_ = A\, = N;/N.

Although the matrices X; are dependent, the trace-moment argument in Gross and Nesme (2010) allows
the usual matrix Chernoff bounds to be applied to sampling without replacement from a finite collection.
Hence, using Tropp (2012, Theorem 1.1) with dimension r, norm bound B = ur/N, and mean eigenvalues
A_ = Ay = Ny /N, gives, for € € (0,1),

(&

N —& A-/B e~ ¢ N1/(pr) N- 82
W UTU)<(1—e)Lb<pd = =7y T2 < "
E”{Amm(Ul = g)N}T{(l—s)l‘E} r{(l—e)l—s} rexp{ Bur J
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N ef A+ /B ef N1 /(pr) N 52
T S Nl )& Y < -
P{/\max(Ul Ul)(HE)N}T{(Hs)HE} 7ﬁ{(1+s)1+5} TEXP{ 3ur }

In the last inequalities we used the standard bounds

e ¢ “e g? “e g? s ce g?
——— <exp{q—— Xp —— ——— <exp{ ——
1_oi—= =PV 2 =PU"3 " Gy =P 3

both of which hold for e € (0,1). A union bound over the lower- and upper-tail events concludes the proof. [

Note that both lemmas become noninformative as soon as the rank r is of the same order as the sampled

dimension N;. In Lemma 16, the sufficient condition N; > %

Interpreted in the four-block setting used in the main body, this means that the fraction of rows containing

N forces Ni/N = 1 when r is large.

missing entries must be exceptionally small. In Lemma 17, while U, U; concentrates around (Ny/N)I,
when Nj is much larger than urlogr, a Marchenko-Pastur-type heuristic suggests that Amin(U; Uy) ~
N (1—,/4)% as /N1 — v € (0,1), so the lower constant ¢, in (A1) deteriorates and can be arbitrarily small
when r is too large relative to Nj.

Returning to Lemma 16, the requirement that the missing block be small has close analogues in the
MNAR causal-panel matrix-completion literature. For instance, horizontal regression (see, e.g., Athey et al.,
2021, for a discussion) in the unconfoundedness literature is most appropriate when there are many control
units relative to the number of periods, whereas vertical regression in the synthetic-control literature is
most appropriate when there are many pre-treatment periods relative to the number of donor units. More
precisely, horizontal regression is essentially feasible only when N > T', whereas vertical regression is viable
when 7' > N. In either case, estimation is reliable only if the corresponding regression design matrices and
the implied factor structure are sufficiently well-conditioned. Moreover, settings with limited missing values
are also a central building block of Choi and Yuan (2026). They first show that nuclear-norm regularisation
can accurately estimate the low-rank signal under MNAR when the total number of missing entries is
sufficiently small (Assumption (iii) in Theorem 2.1). They then extend to more general MNAR patterns by

partitioning the missing set into small groups so that each subproblem has few missing entries.

D.2 Hardness results for ¢, =0

We illustrate why restricting our attention to ¢, > 0 in (A1) is essential for (3) to be identifiable. Indeed,
when ¢, = 0, the restricted Gram matrices U;S»Ulj and VJVM are allowed to be singular. This creates
directions in which the slice-specific core Co 4 can be perturbed so that only the unobserved d-block of
M. o 1 changes, while all observed entries across all slices remain the same. Therefore, two elements of
the class can induce the same distribution while having different values of ,ugz), So consistent estimation is
impossible.

We recall ufy) (M) = 2T M) 1y and Zg = { Muy; + Ej - Quuy = 1, (i.t,§) € [N] x [T] x [K] }, with
the mask () fixed and known, and write P,, and E 4 for probability and expectation under the law of Zg.

Proposition 18. Fiz an index k € [K], constants Ymax > Ymin > 0, and unit vectors x € Ba(Nay),
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y € Bo(Tor). Let ¢, := max(N/minje[x) Nij, T/ minjerx) Th;). Then

. 2 (Wmax - 7min)2
inf  sup Eag [ o(Zq) — (f) M ] >
of | sup {6(Za) = ulh) (M)} -

where the infimum is over all Borel-measurable functions ¢ of the observed entries Zg.

Proof. Define z € By(N) and § € By(T) to be the vectors with entries Z; := z;_n,, 1{¢ > Nix} and
Ui = yi—1,, 1{t > T1x}, respectively. Choose vectors {ua,...,u.} C RY and {vq,...,v,.} C R” such that
{Z,ua,...,u.} and {g,va,...,v,} are orthonormal sets. In particular, this is possible since r < min(N,T).
Define U := (Z |ug | -+ |up) € RV V= (g |va| -+ |v,) € RT*" so that UTU = V'V = I,.. For
every slice j # k we take Co o j = Ymin Ir. For the specific slice k, writing e; = (1,0,..., 0)" € R" for the
first vector of the canonical basis in R", we set C:,.,k = “Ymin I and Ci.’k = Yminlr + (Ymax — Ymin) elef.
Finally, we define ME =CE x U x5V x5 Ig.

We first verify that M*, M~ € F(0,¢&,). The orthonormality constraints on U and V hold by construc-

tion. Moreover, for every j € [K],

02Uy <1 <8 N0 0 VTV <1 <2,
by the definition of ¢,, hence Assumption (A1) holds with ¢, = 0 and ¢, = ¢,. Finally, for j # k, all singular
values of C, o ; are equal t0 Ymin; for j = k, the singular values of C, , ; are all equal to Ymin and those of
C:.’k lie in [Ymin, Ymax). Therefore both tensors belong to F(0,¢,).

Next, since & and g are supported on the row and column indices of the missing d-block of slice k, the
rank-one perturbation (Ymax —Ymin)Z¥ ' is supported entirely on that missing block. Hence Pq,.; (Mf.]) =
P, .,(M,, ;) for all j € [K]. Since the noise distribution is the same under M* and M~ it follows that

the induced laws of the observed data coincide, that is P+ = Py4-. On the other hand, the corresponding

oo
target parameters are separated. Indeed,
- +,(d —(d
N(zlyc;) (MJr) - :LI‘Z(EI;J) (M ) =a' (Mo,o(,k) - Mo,-(,k)) Y= ('Ymax - ’Ymin)x—rx yTy = Ymax — Ymin-

Now, since P+ = P -, expectations under the two laws are identical for every measurable function ¢

of Zg. We can therefore bound
B | {o(20) 1 0} | + B [{orz) - )}
— B |{00z0) - s MO} + {00z0) s PO}
> 2 (M) = M)} = 2 Omas — i)
where we used the elementary inequality (a — b)? + (a — ¢)? > (b — ¢)?/2. Consequently, we have

sup  Enm [{¢(ZQ) - HQZ)(M)}T

MEeF(0,e,)
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> 5 (B [{8020) - 000} ] + B [{o120) i)} ] ) 2 Qi)

Taking the infimum over all Borel-measurable functions ¢ gives the claimed lower bound. O

The choice of ¢, is to make the construction feasible over arbitrary missingness patterns. The same lower
bound can be proved for each fixed ¢, > 0 when Ny < Noj and Ty, < Ty; for all j # k, using a similar

construction.

The second result shows that this issue is not merely an artifact of allowing slice-specific heterogeneity
in Ce e ;. Even if we impose the strongest possible homogeneity assumption, i.e. Ceo;1 = -+ = Co o, k, Which
is equivalent to Me e1 = -+ = M, o i, setting ¢, = 0 can still make the problem information-theoretically
hard unless auxiliary layers provide enough complementary information on the missing structure relevant to
the target functional. We write Fiq(ce, ¢y) := {M € F(cp,cn) : Coo1 ="+ =Co 0k }-

Proposition 19. Fiz an index k € [K], constants Ymax > Ymin > 0, and unit vectors x € Ba(Nag),
y € Ba(Tog). Also let T € Ba(N) and § € Bo(T) to be the vectors with entries T; = x;_n,, 1{i >
_ . T2 _

Ny} and §p = ye—m,, 1{t > Tir}, respectively. Define Si(z,y) = Z]K=1 HPQ.,M.(:vyT)HF, and ¢, =
max(N/ minjerg Nij, T/ minjerx) T1;). Then

S

5 9 (7 k(x,y)ﬂ 7
o

where the infimum is over all Borel-measurable functions ¢ of the observed entries Zg.

2
inf  sup  Ep [{¢<ZQ) —uB M)} } > max 42
¢ ME]'—id(OvEu) PYG[PYminv"Ymax]

Proof. Choose vectors {us,...,u,} C RY and {vs,...,v.} C RT such that {Z,us, ..., u,} and {g,v2,...,v,}

are orthonormal sets. In particular, this is possible since r < min(N, T). Define U* := (£Z |ug | -+ |u,) €
RV Vo= (g |va| - |v) € RT*"sothat (U)TU =V 'V =1,. Also, forall j € [K] set Cq o ; =71y,
where 7 € [Ymin, Ymax]-

These choices induce M* € Fq(0,¢,) with Mf,’j = ~AU*VT". The precise computation follows an

argument similar to the construction used in the proof of Proposition 18. Furthermore, we have

ply) (M*) = 2T M,

(d _ _ _ _
.(’k)y = JUT./\/l.i’.Jc §=~2' UV §=+n.

hence {ug;) (M) — ué’;)(M*)}Z = 442. By Le Cam’s two-point method (Tsybakov, 2009, Theorem 2.2),
for any measurable function ¢, the minimax risk is lower bounded by 42{1 — TV(P+,Pp- )}, where P+
denotes the law of the observed entries Zg under the signal M*. In particular, under Gaussian noise with
common variance o2, independence of the errors across slices implies that the joint law of all observed entries
across all slices is multivariate Gaussian with mean vector equal to the vectorisation of { Py, , (/\/l,i. J)} JelK]

and covariance o21. This, combined with M}, . — M, , . =7 (U —U" )V =2v75", gives

LR LIV

TV(Prs, Prr-) = 20

K _
=1 [1Pa. ., (2729117
Vi 1P R VA AN

20 o
and concludes the proof upon taking the maximum over v € [Ymin, Ymax)- O
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Proposition 19 gives a lower bound on the minimax risk over Fiq(0, ¢, ), where all slices are identical. In
particular, the lower bound depends on S (z,y) = Zszl HPQ.’”, (a’cng)Hi, which quantifies how often the
rank-one pattern Zg ', supported on slice k’s missing block, is observed across other layers. For example,

when ¢ = N27€1/21N2k and y = T;kl/QlT% we have

K
1
NQkTQk Z H(l - Qo,o,k) © Qo,o,j”o )

J=1

Sk(z,y) =

so Sk(z,y) is the fraction of slice k’s missing block that is observed elsewhere. When a slice j # k has a
much smaller missing block, this overlap increases and drives the lower bound to zero. On the other hand,
in general, if Sk(z,y) < 02/72, the two alternatives in the proof remain statistically close, and the minimax
risk is of constant order. The extreme case corresponds to S (z,y) = 0, which occurs when the entire d-block
missing under slice k is also missing under every other slice; for example, this holds when N, < No; and
Ty, < Ty; for all j # k.

Taken together, Propositions 18 and 19 highlight two distinct failure modes when ¢, = 0. Proposition 18
shows that with slice-specific cores, the target functional can be non-identifiable, as different parameter
values can induce the same distribution of observed entries while yielding different M&’;}. Proposition 19
shows that even if the slices share a common core, the target may still be hard to estimate, as the minimax
risk can remain bounded away from zero unless the missing entries of slice k are sufficiently observed in other

slices.

D.3 Background on tensors

We now provide a brief background on tensors to familiarise the reader with the notation used in our model
M =C x1U x5V x3Ig. Although the main body of the paper considers only order-3 tensors, we keep this
section fairly general at first. We then state and prove a result connecting the Tucker2 model with standard
low-rank matrix factorisations.

A tensor is a multidimensional array X € R™ > *"4 with entries z;,. ,,, where 1 <1i; < n; for j € [d];
order-1 tensors are vectors and order-2 tensors are matrices. Fixing all indices except ¢; yields a mode-j
fiber, which is the higher-order analogue of rows and columns. Fixing all but two indices yields a slice, which
forms a two-dimensional subarray, e.g. for an order-3 tensor & the frontal slice X, o ; fixes the third index.

To connect tensor algebra to matrix algebra, it is convenient to use matricisation and define the mode-j
unfolding X ;) € R7 s N1k gg 4 rearrangement of X so that the mode-j fibers become the columns of
a matrix. Under this representation, the j-mode product (Kolda and Bader, 2009, Section 2.5) reduces
to ordinary matrix multiplication. Specifically, for A € R™ > | the tensor Y = X X ; A has dimensions

ny X oo Xnj_1 XN Xnjyq X - X ng and entries

j
(X X5 A)iyoijakiggn.ia = E Tiy . ig Ok

ij=1

Furthermore, its unfolding satisfies (X' x; A)(;) = AX(;).

A core model in multilinear algebra is the Tucker decomposition, which represents a tensor as a low-
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dimensional core transformed along each mode and is of the form X = G x; A® x5 -+ x4 A@ where the
core G encodes interactions among latent components and the factor matrices map these components to the
ambient spaces (Kolda and Bader, 2009, Equations 4.1-4.2). Setting one factor matrix to the identity yields
the Tucker2 model, introduced in Section 2; in our notation this gives M =C x1 U X9V X3 Ik, so mode 3

is left unchanged, i.e. slices are not mixed across k, while U and V act along modes 1 and 2, respectively.

We next provide equivalent characterisation for this model.
Proposition 20. The following are equivalent:
1. MY =UR;V'T for all j € [K], with common orthonormal U € RN*" vV € RT*" and R; € R™*";

2. The column (resp. row) spaces of all M) are contained in a common subspace U (resp. V) of dimension

at most r;

3. Stacking the matrices M9 ’s yields a tensor M € RNXTXK that admits a Tucker2 decomposition
M = C x1 U x9V x5 Ix, with core C € R™*"K and shared mode-1/mode-2 orthonormal factor

matrices U and V.

Proof. (1) = (2): If MY = UR;VT with U € RVN*", V € RT*" column-orthonormal, then col(M 7)) C
col(U) =: U and row(MW)) C col(V) =: V for all j € [K], so (2) holds.

(2) = (1): Let U,V be subspaces containing all column and row spaces, with dim(/) < r and dim(V) < r, and
let U,V be orthonormal bases of U, V. Denote the orthogonal projections by Py := UU " and Py :=VV .
For each j € [K], the assumptions imply Py M) = M) and M) Py, = MU) | hence

MY = ppMD P, =U(UTMOVIVT.

Setting R, := U MWV gives (1).

(1) = (3): Stack the matrices as a tensor M € RVN*T*K with frontal slices M, o ; = M), Define a core
tensor C € R™"™K by Cy 4 j:= R;. Then M =C x1 U x2 V x3 I, which is a Tucker2 decomposition with

shared mode-1/mode-2 orthonormal factors U, V.

(3) = (1): Conversely, suppose M has a Tucker decomposition M = C x; U x5 V x3 [ with U € RV*"
V € RT*" column-orthonormal and C € R™*"¥K_ Writing C, o ; for the j-th frontal slice of C, the j-th slice
of M is

K K
Maai =D 00U Cuou VT = U (Y 054 Coas )V T =UCou V.
k=1 k=1

This concludes the proof. O

E Auxiliary results

In this appendix we collect some useful results that are used in the proofs of our main results.
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We begin with two tail probability bounds. For o > 0, a random variable X with mean p = E[X] is said
to be o-subgaussian if E[e*X—m] < ¢7/2 for all A € R.

Lemma 21. Let E € R"*"2 be a random matriz with mean-zero independent o-subgaussian entries. For
any fixzed matrices X € R™M*Pt gnd Y € R™*P2 for all 6 € (0,1) there exists an absolute constant ¢; > 0
such that

IXTEY Jlop < €10 X lop IV llop /rank(X) + rank(Y) + log(6~1)

with probability at least 1 — 9.

Proof. Write the compact singular value decompositions X = UxXxVy and Y = Uy Xy Vy), where Ux €
R™MXrx Vy € RPXTX [y € R™X™ V4 € RP2X"™ have orthonormal columns, rx := rank(X) and ry :=
rank(Y), and [|[Ex[lop = [ Xlop, [IZy llop = [|Y]lop. Then, we can write X " EY = VxXx (Uy EUy )Xy V4,
and by the submultiplicativity and orthonormal invariance of the spectral norm, we have || X T EY|[|o, <
1 Xlop 1Y lop |Ux EUy ||op- It remains to bound ||Uy EUy ||op. For any x € Ba(rx) and y € Ba(ry ), define

ny n2

Z(x,y) =12 UxEUyy =Y > Ey (Uxx); (Uyy);,

i=1 j=1

s0 that [|Uyx EUy [lop = SUD e, (rx) yeBa(ry) |2 (2, y)|. For every fixed pair (z,y) and any § € (0,1), Hoeffd-
ing’s inequality for sums of subgaussian random variables and the fact that ||Ux |2 = ||Uy y|l2 = 1 imply

that there exists an absolute constant ¢; > 0 such that
P{1Z(z,9)| > croV/log(6- 1)} <. (53)

In order to deal with the supremum, we will combine the above display with a standard netting argument
Wainwright (2019, Chapter 5). In particular, let N'x and Ny be i-nets of By(rx) and By(ry), respectively.
Their cardinalities satisfy |[Nx| < 9"% and |[Ny| < 9™ (Vershynin, 2019, Equation 4.20). Now, for all
z1 € Ba(ryx) and y; € By(ry ), we can find x5 € Ny, y2 € Ny such that |21 —z2|2 < 1/4 and |ly1 —ys|l2 < 1/4.
This, combined with Z(z1,y1) = {Z(z1,y1) — Z(x2,11) } +{Z (22, y1) — Z (22, y2) } + Z(x2, y2), allows showing
that Sup,ep, (7 ),yeBa(ry) 1Z (@, ¥)| < 2 maxgeny yeny |Z(x,y)| after taking the supremum on both sides. We
thus get

|UX EUy lop = sup Z(x,y)| < 2 max |Z(z,y)
X v z€B2(rx), yEB2(ry) TeNx, yeNy ‘ ‘

< cro\/log(Nx|[Ny[/6) < crov/rx +ry +1og(671)

with probability at least 1 — §, where the second inequality follows from an application of (53) with
8/(INx||Ny]) in place of §, and a union bound over Nx x Ny . This concludes the proof. O

Lemma 22. Let E € R™*"2 have independent entries distributed as N'(0,0?). For every p > 1 we have

(EIEIE,) " < o (Vi + vz + e1y),
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where ¢; > 0 is an absolute constant.
Proof. By homogeneity, it suffices to consider the case 02 = 1. Indeed, writing F = ¢ H with independent
H;; ~ N(0,1), we have ||E|lop = 0|[H|lop, and therefore (E ||E|\gp)1/p =o(E ||H||gp)1/p. Thus it is enough
to prove that (EHHH&)) Y < Vn1 + /n2 + c1y/p. In this regard, writing ¢ > 0 for an absolute constant,
we recall from Vershynin (2019, Theorem 7.3.1 and Corollary 7.3.2) that E||H|op < /ni + /N2, and
P(|Hllop > V11 + /N2 + 1) < 2¢=¢" for all ¢ > 0. Furthermore, letting ¥ := (|| H||op — Vi — \/n2)+, we
also have ||H||op < /01 + /n2 +Y and (E ||H||gp)1/p < /1 + /na + (EYP)V/? where the latter bound
follows from Minkowski’s inequality.

It remains to bound (EY?)/P. Using the layer-cake formula, the change of variables u = ct?, and

Stirling’s approximation, we obtain

EY? =/ ptP T R(Y > 1) dt 2/ Pt (I Hllop > v/mr + Via + 1) dt
0 0
< 2p/ tr=le=et® gt = pc‘p/Q/ uP/2 e dy
0 0
=pc PT(p/2) = 2772 T(p/2+ 1) < (c1v/p)”,

for some constant ¢; > 0 depending only on ¢. Combining the above bounds gives

E[|H|[Z,)'" < a1 + Az + (EYP)Y? < /i + s + e1v/p,

thereby completing the proof. O

We next recall Weyl’s inequality for singular values and eigenvalues (Chen et al., 2021, Lemmas 2.2-2.3).

Lemma 23. Let A, E € R"*™. Then, for every 1 < i < min(n,m), the i-th largest singular values of A and
A+ FE satisfy
0i(A+ E) = 0i(A)] < || Elop-

Moreover, if n =m and A, E € R™™"™ are symmetric, then, for every 1 <i < n, the i-th largest eigenvalues
of A and A+ E satisfy
[XNi(A+ E) = Xi(A)| < [|Efop-

We recall that the Moore-Penrose pseudoinverse of A = U diag(o7,...,0,)V ", with column orthonormal
U e R"X"V € R=*" and 0; > 0, is AT = Vdiag(o;',...,07")UT. The following lemma gives an
exact identity for how the Moore—Penrose inverse changes when a full-column-rank matrix A is perturbed to

B = A+ A, as well as a simple operator-norm bound and a useful formula for the action of Bt — At on A.

Lemma 24. Let A, B € R™*"™ have full column rank, and let A :== B — A. Then Bt — AT = — ATABT +
AY(ANTAT(T,,, — BBY). Consequently,

1B — AMllop < 1A lop | Allop 1B llop + [|AT1Z, 1A ]lop-
Moreover, we have (BT — AT)A = — BYA.
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Proof. Since A and B have full column rank, ATA = I,,,, BIB = I,,,, and AT = (ATA)"'AT. Therefore,
BT — At = (B'B — ATB)BT — A(I,, — BB") = — ATABT — A%(I,,, — BBT). It remains to rewrite the last
term. Since BB is the orthogonal projector onto col(B), we have BT (I,,, — BB') =0. As B = A+ A, this
gives AT (I,, — BBT) = —AT(I,, — BBT), and hence —A'(I,,, — BB") = (ATA)~'AT(I,, — BBT). Using
AT(AT)T = (AT A)~! proves the first identity.

The norm bound follows from this identity and ||I,,, — BB'||op, < 1. Finally, (B — AN)A=BfA -1, =
B'A - B'B=-BfA. O

Finally, we present the auxiliary results on the Stiefel manifold used in the proofs. These include standard
facts on the Haar measure and its generation via Gaussian QR decompositions; see, for example, Stewart
(1980); Mezzadri (2007); Chikuse (2003). For integers 1 < ¢ < d, the Stiefel manifold is

St(d,q) == {Q e R™>*7:QTQ = I,}.

Thus, St(d, q) is the set of d x ¢ matrices whose columns are orthonormal. The special cases ¢ = 1 and ¢ = d
reduce to the unit sphere Bo(d) and the orthogonal group O(d), respectively.

Although St(d, ¢q) is not a group when ¢ < d, it carries a natural probability measure that is invariant
under left multiplication by orthogonal matrices. A random matrix Q € St(d, q) is said to be Haar-distributed
or uniformly distributed on the Stiefel manifold if OQ L Q for every deterministic O € O(d). Such a left-
orthogonally invariant probability measure on St(d,q) is unique (e.g. Chikuse, 2003, Theorem 1.2.2 and
Section 1.3.1). In words, multiplying @ by any deterministic rotation or reflection does not change its law,
hence a Haar-distributed element of St(d, ¢) may be viewed as a uniformly random matrix with orthonormal
columns. A standard construction of such matrices is obtained from a Gaussian matrix. If G € R4¥9 has
iid. N(0,1) entries and G = QR is its thin QR decomposition with the diagonal entries of R taken positive,
then @ € St(d, q) is Haar-distributed.

The following lemma formalises a stability property of Haar-distributed Stiefel matrices. If @ is uniformly
distributed on St(d, ¢), then multiplying it on the right by any fixed H € St(g, ¢) produces an ¢-dimensional
orthonormal system which is itself uniformly distributed on St(d, £). The lemma also gives a high-probability
bound for the size of this random orthonormal system after applying a fixed linear map A. In particular,

when / is small relative to d, the operator norm ||AQH]||op is at most of the order

rank(A) + ¢
Al D2

with high probability, up to universal constants.

Lemma 25. Letd,q,p €N, and let 1 < ¢ < q<d. Let Q € R¥*? be Haar-distributed on St(d,q), and let F
be a sigma-field independent of Q. Let H € St(q,f) be F-measurable, and let A € RP*? be deterministic.
Then, conditional on F, the matric QH is Haar-distributed on St(d,f). Moreover, there is a universal
constant ¢; > 0 such that, for every t > 0 with /I +t < v/d, we have

rank(A) + ¢+ 2
Vd—Vi-t

P{HAQHHOP < CIHAHOP

]-‘} >1—2e /2, (54)
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In particular, if VI +t < \/d/2, then

rank(A) + £ + ¢2
P{IIAQHllop < 2 Ay BEALE 4 2

J—'} >1—2e /2, (55)

Proof. Since QTQ =1, and H' H = I, we have (QH) " (QH) = H' QT QH = I,. Hence QH € St(d, ¢).

We now identify the conditional law of QH. Fix O € O(d). Since @ is Haar-distributed on St(d, q) and
is independent of F, its conditional law given F is still Haar. Hence OQ L Q@ conditionally on F. Since H
is F-measurable, it is fixed after conditioning on F, and therefore OQH 4 QH conditionally on F. Thus
the conditional law of QH is invariant under left multiplication by every deterministic orthogonal matrix
O € O(d). By uniqueness of the left-orthogonally invariant probability measure on St(d, ¢) (e.g. Chikuse,
2003, Theorem 1.2.2 and Section 1.3.1), this conditional law is the Haar measure on St(d, ¢).

Let G € R¥! have independent N(0,1) entries and be independent of F. By the Gaussian represen-
tation of the Haar measure on the Stiefel manifold (Chikuse, 2003, Theorem 2.4.3), QH < G(GTG)~1/?

conditionally on F. Hence

4 <%

A T, —1/2 o
H G(G G) || P — O'[(G)

[AQH [op
conditionally on F. By Lemma 21, applied with X = AT, Y = 1I;, 0 = 1, and § = e’t2/2, we have
IAG|lop < c1||Allopy/rank(A) + € + 2 with probability at least 1 — e~¥"/2. Also, the standard lower-tail
bound for the smallest singular value of a Gaussian matrix (Davidson and Szarek, 2001, Theorem II.13)
gives 0¢(G) > vd — /I — t with probability at least 1 — e~t*/2. On the intersection of these two events,
which has probability at least 1 — 2¢~""/2, the bound (54) follows.

Finally, if v+t < v/d/2, then v/d—+/{—t > +/d/2. Substituting this lower bound into (54) gives (55). [
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