arXiv:2401.05256v1 [math.ST] 10 Jan 2024

Tests of Missing Completely At Random based on sample

covariance matrices

Alberto Bordino and Thomas B. Berrett

Department of Statistics, University of Warwick

Abstract

We study the problem of testing whether the missing values of a potentially high-dimensional dataset
are Missing Completely at Random (MCAR). We relax the problem of testing MCAR to the problem of
testing the compatibility of a sequence of covariance matrices, motivated by the fact that this procedure
is feasible when the dimension grows with the sample size. Tests of compatibility can be used to test
the feasibility of positive semi-definite matrix completion problems with noisy observations, and thus
our results may be of independent interest. Our first contributions are to define a natural measure of
the incompatibility of a sequence of correlation matrices, which can be characterised as the optimal
value of a Semi-definite Programming (SDP) problem, and to establish a key duality result allowing
its practical computation and interpretation. By studying the concentration properties of the natural
plug-in estimator of this measure, we introduce novel hypothesis tests that we prove have power against
all distributions with incompatible covariance matrices. The choice of critical values for our tests rely on
a new concentration inequality for the Pearson sample correlation matrix, which may be of interest more
widely. By considering key examples of missingness structures, we demonstrate that our procedures are
minimax rate optimal in certain cases. We further validate our methodology with numerical simulations

that provide evidence of validity and power, even when data are heavy tailed.

1 Introduction

Incomplete data are a common occurrence in almost all areas of statistical application, and the mechanisms
leading to such data are diverse. For example, subjects in a survey may choose not to respond to cer-
tain questions, leading to missing values, or a practitioner may wish to combine data collected in different
studies, where different variables were recorded in each. With incomplete data, traditional approaches be-
come unreliable or even inapplicable, leading to a significant effect on the conclusions that can be drawn
from the data. The most common approaches to dealing with missing values are to remove any incomplete
observations, and thus to perform a complete-case analysis, or to replace any missing entry with a represen-
tative value, using an imputation method (e.g. Yates, 1933; van Buuren and Groothuis-Oudshoorn, 2011;
Stekhoven and Biithlmann, 2011). However, the validity of such procedures, and the choice of an appropriate
one, depends crucially on the mechanism that determines the missingness. Mechanisms have traditionally
been classified as Missing Completely At Random (MCAR), Missing At Random (MAR) and Missing Not At



Random (MNAR) (e.g. Little and Rubin, 2002) according to the dependence structure between the variables
themselves and their missingness, with such assumptions being required to link observations to targets of
inference.

The typical formal setting is to suppose that we observe independent and identically distributed copies
of a random object X o 2, where X takes values in some product space X = H?:1 X, where 2 takes values

in {0,1}? and where we define the operator o by

z; ifw;=1,

(Tow); =
NA if wj; = 0.

The assumptions named above then control the dependence between the data X and the missingness indi-
cator 2. The simplest case of MCAR is when these are independent, denoted X 1L €, which essentially
means that the data we observe is representative of the population, even if it is incomplete. For example,
consider the simple problem of estimating E[XY] from complete data (X1,Y7),...,(Xn,Yn) and incom-
plete data (Xy11,NA), ..., (X,,NA). It is easy to see that under MCAR the complete case estimator
ucc .= N1 Zf\;l X,Y; is an unbiased estimator of E[XY]. When MCAR or similar assumptions hold, we
can often employ statistical methodologies that are easy to interpret and make good use of all incomplete
data, and solid theoretical guarantees have been developed in various modern statistical problems such as
high-dimensional regression (Loh and Wainwright, 2012), high-dimensional or sparse principal component
analysis (Zhu et al., 2022; Elsener and van de Geer, 2018), classification (Cai and Zhang, 2019; Sell et al.,
2023), and precision matrix and changepoint estimation (Follain et al., 2022). However, if MCAR does not
hold, which is common in practice, alternative methods may be required.

Hypothesis tests can be used to guide practitioners in deciding whether or not missingness assumptions
are reasonable. The goal of this work is to study the problem of testing the hypothesis of MCAR, which has
been the subject of much research in the missing data literature. Most prior work has been developed within
the context of parametric models. For example, Little (1988), works under the hypothesis that the data is
Gaussian in the setting that all pairs of variable are observed together (see Section 5 for further details).
Fuchs (1982) considers discrete data in the setting that a large number of complete cases are available. In both
cases the methods are likelihood ratio tests, with the MLEs calculated using the EM algorithm (Dempster
et al., 1977) and validity and power guarantees based on classical asymptotics. More recently, Berrett and
Samworth (2023) provided a nonparametric formulation of the problem and methodology that was proved
to be widely powerful under minimal assumptions. The key insight of Berrett and Samworth (2023) is to
relate the problem of testing MCAR to the problem of testing compatibility. For S C [d] := {1,...,d} denote
by {Q = 1g} the event that X, is observed if and only if j € S, and write S = {S : P(Q = 1g) > 0}
for the set of all possible observation patterns. Then, under MCAR, the distribution Pg of the observation
Xs|{Q = 1s} is equal to the marginal distribution of the population distribution £(X) on Xs = [];.¢ Aj.
Hence, if Ps := (Ps : S € S) is incompatible, in the sense that there is no distribution P on X with
marginal distribution Pg on Xg for all S € S, then the data cannot be MCAR. In fact, it is shown that
this reasoning is tight in that it is not possible to rule out MCAR based on observations of X o Q if Ps is
compatible. In general, fully testing the compatibility of a sequence of distributions requires us to look at

complex interactions between the distributions, and methods for doing so will have sample complexity that



is exponential in the dimension d. Our work aims to provide methods that are valid and powerful without
strong assumptions while being effective as the dimension d grows.

Our methodology will be based on testing the compatibility of sequences of covariance matrices, which
can be estimated consistently even for large d. Earlier studies have employed the covariance matrix to
assess MCAR. As briefly discussed above, Little (1988) studied a likelihood ratio test of MCAR, effectively
examining the homogeneity of means and covariances under the assumption of normality. However, Little
expressed scepticism about its effectiveness unless the sample size is exceptionally large and the assumption
of normality holds. This scepticism was further validated in simulations by Kim and Bentler (2002), who
also developed a test for consistency of means and covariances based on generalised least squares. Both of
these approaches work by comparing the sample covariance matrix associated to a given missingness pattern
to the corresponding submatrix of an estimated complete covariance matrix. More recently, Jamshidian
and Jalal (2010) developed k-sample tests of the equality of covariance matrices, given complete data,
based on Hawkins’ test (Hawkins, 1981). Using empirical evidence, they then argued that these tests could
be combined with imputation techniques to test the homogeneity of covariance matrices calculated using
incomplete data. These methodologies can be effective when the corresponding assumptions are met and
when a complete covariance matrix can be consistently estimated.

Our method works by directly checking the compatibility of the observed sample covariance matrices,
making no assumptions on the form of the underlying distributions and not requiring the estimation of a
complete covariance matrix. In particular, this second point means that our test can be applied with any
collection S of missingness patterns. More precisely, at the population level, we will consider g = (Xg: S €
S), a sequence of suitably-normalised covariance matrices Yg associated to the law of Xg|{2 = 1g}, and
design a statistical test to check if g is compatible, meaning that each ¥ g can be obtained by marginalising
a general d X d covariance matrix X, i.e. (X)s = Xg. If MCAR holds then for each S € S we must have
Cov(Xg|Q2 = 1g) = (Cov(X))g, the block of the covariance matrix of X corresponding to the variables
in S, so that the sequence (Xg : S € S) must be compatible. Hence, if we can reject the hypothesis
Hy : Xs compatible, then we can reject the hypothesis of MCAR. See Figure 1 for a pictorial summary of the
key concepts so far.

More generally, one can consider the problem of testing the compatibility of moments of order p > 1 and,
if it is found that these moments are incompatible, one can reject MCAR. For p = 1, this problem reduces
to testing the compatibility of mean vectors, which essentially boils down to testing the equality of means.
This has been studied in the statistical literature for nearly a century, and we refer to existing methods
for solving this problem (e.g. Wilks, 1946; Little, 1988). In order to have power against a wider range of
alternatives, while limiting the complexity of the testing procedure, we restrict attention in this work to the
natural p = 2 problem. Here there are still various ways in which compatibility can fail. For example, we
can rule out Hy if Xg is inconsistent, in the sense that that there are two observation patterns Sy, 52 € S for
which (Xg,)s,ns, # (Zs,)s,ns,, meaning that there exists a pair of variables whose covariance takes different
values in different observation patterns. Testing the consistency of covariance matrices reduces to testing
the equality of smaller covariance matrices, which has again been previously studied (e.g. Hawkins, 1981).
The corresponding nonparametric problem of testing the consistency of distributions was studied by Li and
Yu (2015); Spohn et al. (2021) in the context of testing MCAR. However, there exist Xg that are consistent
but not compatible. As a concrete example, consider the case where d = 3, where S = {{1, 2}, {1, 3},{2,3}},
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Figure 1: Our framework. We relax the methodology in Berrett and Samworth (2023) and consider covariance
matrices instead of full distributions. The price we pay is to create an extra ring (red area) in which we cannot
detect departure from Hy just by looking at Xs or o2, the sequence of variances. For example, if the sequence of
third-moment tensors were inconsistent, but ¥s were compatible and ¢ consistent, we would not be able to reject
MCAR, although Ps would be incompatible.
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with pog = p13 = —p12 = p. Then g is compatible if and only if p < 1/2, even though it is always consistent.

and where

The above example is relatively simple because any pair of variables is observed together so that the full
covariance matrix can be estimated. However, we can characterise compatibility for any S (see Proposition 2).
While the compatibility of distributions can be characterised using linear programming (e.g. Kellerer, 1984),
characterising the compatibility of covariance matrices requires ideas from semi-definite programming (SDP),
which studies linear optimisation problems over spectrahedra (e.g. Blekherman et al., 2012; Vandenberghe
and Boyd, 1996). If 3g is consistent, compatibility is equivalent to the feasibility of a positive semi-definite
matrix completion problem, where we observe a partial symmetric matrix A = (a;;) for positions (i, 5)
in a certain set of edges, and aim to construct a positive semi-definite completion of A. This problem
is extensively studied owing to its widespread applications in diverse fields such as probability, statistics,
systems engineering and geophysics; see, for example, Laurent (2009) and the references therein for an
introduction to the topic. Statistical questions associated with such problems are relatively under-explored,
though we mention the recent work Waghmare and Panaretos (2022) that provides estimated completions
of covariance operators in settings where completions always exist. A distinct but related problem that has
received more attention in the statistics literature is low-rank matrix completion. In particular, significant
contributions (Candeés and Recht, 2009; Candés and Tao, 2010; Recht, 2011) have been made in the realm
of convex optimization, where a low-rank matrix is recovered from partial observations after introducing a

nuclear norm penalty. In our work we make no low-rank assumptions and our main interest is in answering



the question of whether or not a positive semi-definite completion exists.

We now briefly outline our main contributions. In Section 2 we define a numerical measure R(Xs) of
the incompatibility of a sequence of correlation matrices ¥s and establish some key properties, including an
interpretable and useful dual representation (Proposition 3). We then combine this index of incompatibility
with a measure V (02) of the inconsistency of variances (e.g. Proposition 5), in order to introduce a numerical
measure of the incompatibility of sequences of covariance matrices. In Section 3 we turn to the empirical
estimation of such indices and the introduction of data-driven testing procedures. Under the non-singularity
assumption that g = clg for all S € S, we first introduce an oracle test that relies on knowledge of ¢ > 0
and give a result on its validity and power (Theorem 6). Next, we avoid this restriction by introducing
a sample-splitting test that we prove to be valid (Proposition 8). The analysis of both tests is based on a
novel concentration inequality for the spectral norm of the difference between the Pearson sample correlation
matrix and its population version (Proposition 7). In Section 4 we study the performance of our oracle test
in various examples and show that its separation rate is near-minimax optimal in some cases, while studying
properties of the associated semi-definite programs. In Section 5 we validate our methodology in numerical
experiments. Section 6 contains the proofs of our main results. The Appendix contains background and
auxiliary results.

We conclude the introduction with some notation that is used throughout the paper. For d € N, we write
[d] :={1,---,d}. Given a,b > 0, we write a < b to mean that there exists a universal constant C' > 0 such
that @ < Cb. We use a A b for min{a, b}, and a V b for max{a,b}. We will denote with 04 the null vector
of dimension d, with 14 the all-one vector, with e; the j-th element of the canonical basis of R¢, with Oy
the zero matrix of dimension d, and with I; the identity matrix of dimension d. We will omit the subscript
with the dimension d when it is clear from the context. For symmetric matrices A, B of dimension d, we
write A = 0 to mean that A is positive semi-definite, write A > B to mean that A — B > 0, write diag(A)
to indicate the diagonal matrix having the same diagonal as A, and diag(v) for a vector v = (v1,...,v4) to
indicate a diagonal matrix with diagonal elements equal to v;. We will indicate the trace of A with tr(A),
the determinant with either |A| or det(A), and the minimum and maximum eigenvalues of A with Apax(A)
and Amin(A4), respectively. We will use || - ||« for nuclear norm, or Schatten-1 norm of a matrix, || - ||z for the
spectral norm, and || - || for the Frobenius norm. For random elements X, Y, we write X 1l Y to mean that
X and Y are independent. For ¢ > 0, a random variable X with mean p = E[X] is said to be o-subgaussian
if

E {eMX*#)] <e”N/2 forall A€R,

while, for (v,a) € (0,00)?, it is said to be (v, a)-subexponential if
X v2x2 1
E [eM —W} <’ forall |\ < -
o

A random vector X in R" is said to be o-subgaussian if every one-dimensional projection, i.e. v7 X with

v € R™ and ||v|| = 1, is o-subgaussian in the sense defined above.



2 Measure of incompatibility for covariance matrices

In this section we develop our index of the incompatibility of population covariance matrices. We check the
compatibility of covariance matrices by checking the consistency of the variances and the compatibility of
the correlation matrices separately. Standardising the covariance matrices is necessary to have a well-posed
problem, and we choose to work with correlation matrices because the resulting compatibility measure is
more tractable. Other standardisation are possible, though, each leading to a different measure of incompat-
ibility, with different properties. In Appendix B we introduce another measure of incompatibility based on
a different standardisation, analyse its properties, and derive a test of MCAR based on its estimation from
data. Here, we standardise the sequence of covariance matrices, resulting in a sequence of correlation matrices
3ls, introduce a measure of incompatibility for 3g, and develop some of its basic properties. We then define a
measure of the inconsistency of variances, and combine the two for an overall measure of the incompatibility
of sequences of covariance matrices. In order to do this, we must first introduce some basic algebraic objects

for sequences of symmetric and positive semi-definite matrices. Our key notation is collected in Table 1 below.

Notation | Definition Meaning
S A subset of the power set of [d] Set of all missingness patterns
S; {SeS:jeS5} Set of all patterns that contain j
S {5€S:j,j €8} Set of all patterns that contain (7, 5")
M=M,y | {X eR&> X = XT} Space of symmetric matrices
Ms {(Xs:5€8): Xg € Mg forall S €S} Space of sequences of symmetric matrices
(X,Y) tr(XY) for X, Y e M Frobenius inner product
(Xs,Ys)s | Dogestr(XsYs) for X, ¥s € Mg Sum of Frobenius inner products
P {EeM: >0} Cone of PSD matrices
P {Z € P* : diag(¥) = 14} Set of correlation matrices
Ys s 0 s =s 0if and only if ¥g = 0 for all S € S Loewner order for sequences of matrices
Ps {Xs € Mg : Xg =5 0} Sequences of PSD matrices
Ps {¥s € Pg : diag(Xs) = I ;g for all S € S} Sequence of correlation matrices
A A: M — Mg with (AX)s = (X,j/)j.ies Marginalisation operator on matrices
Pg’* {AY : ¥ e P*} Set of compatible sequences of PSD matrices
P {AY : ¥ e P} Set of compatible sequences of correlation
matrices
y {diag(v) : v € R? and E;l:l v; =0} Space of diagonal matrices with null trace
Os (O)s1: S €8) Sequence of zero matrices
Is (Iis: S €8) Sequence of identity matrices

Table 1: Table of definitions commonly used in the main text.

Crucially, we say that an element of Pg is compatible if and only if it is an element of Pg . In order to

characterise compatibility, we first state a basic property of the linear operator A defined in Table 1 above.




Proposition 1. The adjoint operator A* : Mg — M of A is given by

(A" Xs)jr = Y Lggresy(Xs)jy = > (Xs)jyr,
Ses SGSjj/

where we recall that Sj;r ={S €S:j4,j7 € S} =§;NS;.

Now, the following proposition fully characterises compatibility in terms of the non-negativity of a col-

lection of linear functionals.

Proposition 2. For ¥g € Pg we have Xs € Pg’* if and only if
(Xs,Xs)s >0 for all Xs € Mg satisfying A* Xs » 0.

The proof can be found in Section 6. This is an extension of well-known characterisation of the feasibility
of positive semi-definite matrix completion (e.g. Laurent, 2009). Indeed, when Xg is consistent, we can show
that (Xs, Xs)s = (A*Xg, ), where ¥ is the d X d symmetric matrix with ¥,;; = (Xg);, for all § € §;;/, if
S;jj» # 0, and X5, = 0if S;;; = (). Here ¥ can be thought of as a partial matrix that is padded with zeros
in unobserved positions. Since A* Xg is also zero in these positions, the value of ¥ there is arbitrary. Now
our characterisation reduces to checking that (A*Xgs,X) > 0 for all Xg € Mg satisfying A*Xg = 0, which
is equivalent to checking (X,¥) > 0 for all X € M with X,;; = 0 if S;;» = (), which coincides with (4) in
Laurent (2009).

Proposition 2 provides a characterisation of compatibility, but in order to assess the significance of depar-
tures from the null hypothesis and thus to define hypothesis tests, we will need a numerical measure of incom-
patibility. A natural way to do this is to minimise (Xg, Yig)s over a subset of {Xg € Mg : A* X > 0} that still
characterises compatibility, but gives finite minimal values. First, observe that checking the compatibility of
covariance matrices is equivalent to checking the consistency of the variances 0% = diag(Cov(Xg|Q2 = 1g)
for S € S, and the compatibility of the correlation matrices Corr(Xg|Q2 = 1g) for S € S. Now, whenever g

is a sequence of correlation matrices we define

1
R(Es) = sup{ — 3<ES’XS>S : Xs + Xé) =s0,A*Xs+Y =0 for some Y € y}
1
=1- p inf{(Xs, Ys)s : Ys =5 0, A*Ys + Y = I, for some Y € YV} (1)

where X = (X2 : S € S), where X2 = diag(1/[S;|:j € S), and where ) is the set of diagonal d x d
matrices with trace equal to zero. The objective function of this optimisation problem is a one-to-one
mapping of the linear functional appearing in our characterisation of compatibility. Moreover, by choosing
Y = O and noting that X{ =g 0, we can see that for any Xg that satisfies A*Xs = 0, the sequence
eXs is feasible for € > 0 sufficiently small. Thus, by Proposition 2 we have that R(Xs) > 0 whenever
Ys is incompatible. On the other hand, when ¥s = AX is compatible and (Xs,Y) is feasible we have
(3s, Xs)s = (5,4 Xs) = (5, A*Xs +Y) > 0, where the second equality holds because ¥ has a constant
diagonal. Combining this with the observation that Xg = Oy is feasible, we see that R(3s) = 0 when Xg is
compatible.

In the above argument we did not use the specific form of the lower bound Xg =s — X2 anywhere, and



it would also have been possible to optimise over the restricted set of Xg that are feasible with Y = O. The
specific choice of the feasible set in the definition of R(Xs) was made because it leads to an interpretable
dual formulation. While there exist semi-definite programs for which strong duality does not hold, Slater’s
condition (see Appendix C for an introduction to the theory of semi-definite programming) is satisfied in

our problem, so we do not encounter such issues. This is formalised in the result below.

Proposition 3. For Xs € Ps we have

R(¥s) = inf{e € [0,1] : Ts € (1 — )PY + €Ps}

=1- ésup{tr(E) AY =5 ¥, Y11= . =244, X = 0} (2)

This result shows that our measure of incompatibility R(Xs) can be interpreted as the smallest amount
of perturbation e that a compatible sequence of correlation matrices must be corrupted by to result in the
input sequence Xg. It is immediate from this representation that R(Xg) takes values in [0,1]. Moreover,
it follows from Slater’s condition that the optimal value of the dual problem is attained. Thus, writing

A* =1— R(Xg), we can write Xg as
S = A*ASD + (1 — A%, (3)

where ¥ € P and ¥§ € Ps. By the maximality of A\* = 1 — R(Xs), it must be the case that R(Xg) = 1.
Indeed, if this were not the case, it would be possible to write ¥§ = N AX' 4+ (1 — X')Eg for some A € (0,1],
which would contradict the fact that A* is optimal. This argument shows that, whenever S is such that there
exists an incompatible sequence X, the maximal value R(Xg) = 1 is attainable, so that the quantity R(Xs)
is on an interpretable scale between compatibility at one extreme and maximal incompatibility at the other.

We remark that this dual interpretation of R(-) aligns with a similar representation of the incompatiblity
of sequences of distributions defined by Berrett and Samworth (2023). In this earlier work it is shown that the
incompatibility of sequences of distributions can be understood through linear programming techniques. Our
work here, however, shows that we must consider the more complex problem of semi-definite programming to
understand the incompatibility of sequences of covariance matrices. Despite this additional complexity, since
Slater’s condition is satisfied for our problem, the primal-dual interior point method has a computational
complexity which is polynomial in the number of constraints and the dimension of the unknown square
matrix (Section 6.4.1. of Nesterov and Nemirovskii (1994), Section 5.7. of Vandenberghe and Boyd (1996)).
This ensures that R(Xs) can be always computed efficiently without additional assumptions.

We conclude with some basic properties of R(-).
Proposition 4. The following hold:
(i) R() is convex.
(i) R(-) is continuous.

(iii) Suppose S C S’ and s Cs Mg/, where the inclusion Cg means that every correlation matriz in Xg is

also in Xg. Then R(Xs) < R(Zg).



It is interesting to observe that property (iii) says that R is monotone with respect to the inclusion
operator, so that additional information can only make a sequence less compatible.

Having established the main properties of our measures of the incompatiblity of correlation matrices, we
now turn to the simpler problem of measuring the inconsistency of individual variances. There could be
cases for which variances are not consistent across different patterns, but a test based on R(-) alone would
fail to reject the null hypothesis. In order to take into account such deviations from the null, we define an
analogous test statistic for the consistency of the variances. To this aim, writing 02 = (0% : S € S) for the

collection of individual variances, we fix our units of measurement such that

av;(od) =18;17" Y 0d,; =1,
SESj

for all j € [d]. This is a natural constraint, analogous to the standardisation of variables in complete-data
problems, that does not remove information that may be present in the individual variances. For such o2,
define

V(62) := 1 — min min agj = max max (1 — U%j) .
jEld] Ses; 7 je(d] S€S; '

Under the hypothesis av;(03) = 1 for all j € [d], it is clear that V(¢g) = 0 if and only if 0% ; = 1 for all
j €[d], S €S;. On the other hand, we have V(02) > 0, if and only if there exists at least one variance
strictly less than 1. It is clear from the definition that V' is bounded by one, and that this extreme value is
attainable when S is non-trivial and there exists j such 0'%’ ; = 0 for some S € §;. The following result gives

a dual representation for V(o2), providing justification for our specific measure of inconsistency.

Proposition 5. If av;(02) =1 for all j € [d], then
V(o) = inf {e €[0,1]: 02 = (1 — ) Ay 1y + eo's with av; (o) =1 for all j € [d]} ,

where (Ayo?)s = (0% )kes-

This result gives a dual representation for V(O'g), which is analogous to Proposition 3 and leads to a similar
interpretation, based on the idea of finding the smallest perturbation to make the sequence consistent.
Combining our measures of the incompatibility of correlation matrices and the inconsistency of variances,

we define an overall measure of the incompatibility of sequences of covariance matrices by
T = R(Zs) + V(a?).

It is easy to see that T" = 0 if and only if the sequence of correlation matrices ¥g is compatible and the

sequence of variances Ug is consistent, and that T < 2.

3 Statistical tests

Having introduced our population-level measure of incompatibility, in this section we design a testing pro-

cedure based on the estimation of T to test compatibility with finite amounts of data. For each S € S we



assume that we have access to an independent sample

Xo1,- s Xone ~ Pg

for some sample size ng and some distribution Ps with correlation matrix g and vector of variances 0?9.
We write EAJS and 0% for the sample correlation matrix and sample variances, respectively, of X1, ..., Xs.ng
for each S € S, and write S5 = (S5 : S € S) and 02 = (6% : S € S) for the sequences collecting these
estimators. Our approach is based on analysing the concentration properties of the plug-in estimates R(ig)
and V(52) and thus introducing suitable critical values. The analysis of R(is), in particular, is challenging,
as it is defined as the optimal value of a semi-definite program with an unbounded feasible set. In fact,
without further assumptions, it is not possible to restrict attention to a compact feasible set. On the other
hand, most statistical techniques for the analysis of suprema of empirical processes require feasible sets to
be totally bounded so that, for example, covering arguments can be applied.

Fortunately, under the assumption that g >g 0, our dual problem (2) is strictly feasible and hence
Slater’s condition implies that the optimal value is attained in the primal problem (1). This assumption is
reasonable in many areas of application, and similar assumptions of invertibility have been used frequently
in the literature (Meinshausen and Biithlmann, 2006; Cai et al., 2011). In fact, if we assume the stronger
condition that Xg =g cls for some ¢ > 0, we will see that the optimal value is always attained in a compact
set whose size depends on c¢. Indeed, the strict feasibility of the dual problem (2) implies that there exists
Xs € Mg such that Xg + Xg =5 0 and R(Xs) = —d~1(Xg, Xs)s. This in turn implies that

bl

1 d
D 11X+ X = (Xs + X3, Is)s < —(Xs + X3, 5s)s = 11— R(Zs)} <
SeSs

ol

so that we have a bound on the sum of the nuclear norms of the matrices in the sequence Xs + X¢. In

finding the optimal value of the primal problem (1), then, we may restrict attention to

Feoi= {Xg € Ms: Xs+ X 75 0,> | Xs+ X§. < dfe, A"Xs+Y = 0 for some Y € y}, (4)
Ses

which is compact.

Before moving on to describe how to construct a statistical test under this new assumption, we give a

brief discussion of the norm on Mg defined by

IXslles = > 1 X5l
Ses
which reduces to ) ¢ ¢ tr(Xs) in case that Xg =g 0. For each S € S, the nuclear norm [| X5 || can be thought
of as the ¢; norm applied to the eigenvalues of Xg. As these are then summed to give || Xs||.s, we see that
I - |l+s can be thought of as an ¢; norm on Ms. It is easy to see that the dual norm of || - ||.s with respect
to the inner product (-, -)s is

X = X
| Xsll2,s fggg” sll2s

where || - ||2 is the usual spectral norm of a matrix. This follows after writing the sequence of matrices in

10



block-diagonal form, and allows us to derive the following generalisation of Holder’s inequality in the space

of matrix sequences,

(X5, Yo)s| < 1Xsllesl¥slles = D 1¥s]l ~max || Xs|l2. (5)
Ses

This inequality will be used in the proof of the following result, which provides valid critical values for the

test statistic T = R(3s) + V(62) and gives conditions under which the resulting test has large power.

Theorem 6. Suppose we observe Xg1,...,Xg ng b Ps for each S € S independently, where each Pg is
v-subgaussian, with the sequence of variances o satisfying av;(c2) =1 for all j € [d], and the sequence of

population correlation matrices Xg satisfying Xs =s cls for ¢ > 0. Define C, = max{CéR), C((XV)}, with

log (¥;e14Si1/0)

o) = Cyr?
¢ minges ns
and
2 4

o _1maX{CI vt ISl +1oa(S)/a) |, 18]+ los(iSl/e) |, vt [isl1o(SISI/e)

¢ Ses Oimin ng ns Tmin ns
L C vt 5]+ log(S|/e) | , 5] + log(|S|/«) ISIIOg(SI/a)}
37 4 )

min ns ns ns

for universal constants Cy,Cy,Co,C3 > 0. Then, for Cy,C1,Csy,Cs and universal constant K > 0 chosen
sufficiently large, for all a € (0,1) such that o*. n > Kv*log(maxges |S|/a), the test that rejects Hy if

and only sz = R(ig) + V(62) > C, has Type I error bounded by . Moreover, for 3 € (0,1) such that
ol..n > Kvtlog(maxses|S|/B), if T > Cq + Cg, then P(f < C,) <B.

min

In proving this result we give concentration inequalities for the random quantities R(ig) and V(52). The
analysis of R(Sg) is crucially based on the fact that, under Hy and in light of the inequality (5), we can
control the oscillation |R(§]S) — R(Xs)| using maxges ||fls — Yg||2, where the ¥ g are the Pearson population
correlation matrices and EAIS are the corresponding Pearson sample correlation matrices. To this end, we
derive the following tail bound for the spectral norm ||]3 — P||2, where P is the population correlation matrix

and P is the sample correlation matrix of complete data, which may be of independent interest.

Proposition 7. Suppose we observe an i.i.d sample X1,--- ,X,, ~ X, where X is a v-subgaussian random
vector in R%, and let ¥ and S be the population and sample covariance matrices, respectively. Let P =
D=Y25.D=1/2 be the population correlation matriz, where D = diag(X), and P = D~Y2ED~Y/2 be the
sample correlation matrix, where D= diag(i), Then, there exist universal constants Cy,Cy,Cs, K > 0 such
that, for every t € [0,1] such that ok, n > Kv*log(d/t) we have

min

2 4
min n O min n

5 2 log(1 log(1 4 1
1B Pla<c,t ( d+1og(1/t)  d+ o§< /t)) Loy vt [dlos(d]D

14
+C3—

O min

n n n

4 < d+bguwvd+mguw> dlog(d/t)
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with probability > 1 —t, where o2, = mi[(gl] X
j€

First, observe that the dependence on 1/02; is reasonable, as the smaller the minimum variance the
more problematic the normalisation matrix D~/2. Fortunately, since we work under the assumption that
Ys =g cls, we have that o2, > ¢ when we apply this result. Second, observe that if t > 2 exp{—n+2dlog 3},

i.e. n 2 d, the subgaussian regime prevails, and we obtain that

~ dlogd
1P — Pl S 4/ 2°
n

in probability. Similar rates, with logarithmic factors, were found in high-dimensional covariance matrix
estimation with missing observations (Lounici, 2014), sample covariance matrix estimator of reduced effective
rank population matrices (Bunea and Xiao, 2015), concentration of the adjacency matrix and of the Laplacian
in random graphs (Oliveira, 2010), and in the statistical analysis of latent generalized correlation matrix
estimation in transelliptical distribution (Han and Liu, 2017). In particular, using the additional assumption
that the data is generated according to a transelliptical distribution, Han and Liu (2017) gave an estimator
K based on Kendall’s tau and proved that
r(P)log(d)

IE - Pl 5 /228

where r(P) := tr(P)/|| P||2 is the effective dimension of P. This is analogous to the bound given in Proposition
2

7, where we have an extra factor of v?/o2; | which can be interpreted as the condition number and might
lead to a suboptimal bound when it is large, and the ambient dimension d in place of the intrinsic dimension
r(P). This would improve the bound sensibly in the case of an approximately low-rank correlation matrix,
but in the worst case the bounds have the same rates.

As well as providing a critical value for our test, Theorem 6 also gives upper bounds on the minimax

separation rate for this testing problem. When ¢ > 0 and v > 0 are fixed, our analysis gives an upper bound

2011 < e | 1511080SISD)
Ses ns

whenever ng 2 |S] for all S € S. This is our main regime of interest, and we see in our examples in Section 4

on the minimax rate of the order

below that reliable testing is only possible when sample sizes are large compared with dimensions, up to
logarithmic factors.

We now illustrate the behaviour of this bound in certain examples where the expression for C, can be
simplified. The corresponding upper bounds on the minimax separation rate will be complemented by lower

bounds in Section 4 to follow.

Example 1. In the d-cycle example, with d > 3 and S = {{1,2},{2,3},...,{d — 1,d},{d,1}}, we have
|S| =2 for all S €S and |S| = d so that

(h<mm¢bwmn: log(d/o)
<m .
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If ng =n for all S €S, this reduces to

and by considering the sub-problem of testing the consistency of variances, we will see in Theorem 9 that this
upper bound is optimal in this case. Our results reveal that, in this specific example, testing compatibility is

no harder than testing consistency, up to constant factors.

Example 2. Consider the block-3-cycle S = {[2d], [d] U ([3d] \ [2d]), [3d] \ [d]}, with d > 1. Then

ng minng
Ses

Cagmax\/dbg(d/a) | dlog(d/c)
Ses

As before, if ng =mn for all S € S, this reduces to

o < /dlogfld/a)'

We prove the minimaz optimality, up to logarithmic factors, of this rate in Theorem 14. In particular, this
shows that the optimal separation rates for this testing problem are not signficantly faster than the optimal

rates for the estimation of Xg with operator norm loss.

Example 3. Consider the example S = {S(_1y, -+ ,Sa)}, with d > 2, where S_;y = {1,...,i —1,i +
1,...,d}. This corresponds to the setting where all observations have a single missing value. In this case,
|S(—iy| =d—1, and |S| = d, so that

C, < max \/dlog(d/a) _ | dlog(d/a)

Ses ns N minng

SeS

The test we developed in Theorem 6 depends on the unknown quantity ¢ > 0, which quantifies the level of
positive-definiteness of ¥g by requiring Xg =g c¢ls. As a result, the practical implementation of this method
would be difficult. In the remainder of this section we relax this assumption using the well-known technique
of sample splitting (e.g. Cox, 1975; Moran, 1973) to calculate a critical value that depends on the data. We
randomly divide the data into two non-overlapping sets, X; and A5, and then perform the so-called two
steps of hunting and testing: sample X is used to select a test statistic from a large class of potential test
statistics, which is then applied to A5 to produce the final test statistic. This has the advantage of being
easier to calibrate, due to the fact that X7 1l X,. This approach has been used for a variety of problems,
such as testing the location of multiple samples (Cox, 1975), constructing conformal prediction intervals
(Lei et al., 2018; Solari and Djordjilovié, 2022), goodness-of-fit testing (Jankova et al., 2020), conditional
mean independence testing (Scheidegger et al., 2022; Lundborg et al., 2022), and conducting inference that
is agnostic to the asymptotic regime (Kim and Ramdas, 2024).

In our problem we use sample splitting as follows. Using the data in X; we form the sample correlation
matrices iél) then calculate the value of our incompatibility index R(ig)) and retain the optimal primal
solution )?S(l), which satisfies R(iél)) = fd’1<)A(S(1), §é1)>g. Now, using the data in X we form the sample

13
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correlation matrices iéz and calculate the statistic

~ 1~y ~
Ry = _a<X§1>, s

We then take our final test statistic to be V(52) + EQ, where 62 is calculated using the entire sample.
Analytically, the advantage of using this approach is that the statistic R, is much easier to understand than
the statistic R(ig) used for the oracle test above. Indeed, the independence of )/(\'él) and iéz) means that
it is enough to give concentration inequalities for linear functionals of ZA](SZ), rather than for the supremum
R(f]s) over a class of linear functionals. The following result introduces a critical value for this test statistic,

which is proved to result in a valid test.

Proposition 8. Suppose we observe Xg1,...,Xgng ek Pg for each S € S independently, where each Pg
is v-subgaussian, with the sequence of variances o3 satisfying av;(c2) = 1 for all j € [d], and the sequence
of population correlation matrices Xg satisfying Xs =g 0. Define Cy(X1) = maX{C’&R)(Xl), C’&V)}, with

log (¥;e1q1S51/0)

V) = Cor? :
minges ng
and
(1) 2 4
e () = 18 s max{cl 2 [Is1+ los(SI/a) | 181 +log(SV/e) | ) v \/|S|log<|5||8|/a>
d Ses Oiin ns ns O min ng
Lc vt [S] + log(IS|/e) | , 5] + log(IS]/«) |S[log(]S]/a)
30_4. n )
min S ns ns

for some universal constants Cy,C1,Co,Cs > 0. Then, for Cy,C1,Cs,Cs and universal constant K > 0
chosen sufficiently large, for all o € (0,1) such that ok, n > Kv*log(maxges |S|/a), the test that rejects Hy
if and only if V(52) + Ry > Co(X1) has Type I error bounded by .

This test gives a random threshold C, (X}) which does not depend on ¢, and it is of the order of

oy < WX s 1S]10(ISISI/2)
oAt~ d Ses ns

whenever C’((,(R) > Cév). Comparing this to the critical value used for the oracle test of Theorem 6, observe
that ||)A(S(1)||*’g/d takes the place of 1/c. In this regard, notice that for Xs € F. we have

X5+ X85 _ 1
d ~c

by definition of F,. This provides some justification for thinking of ||)?S(1) ||l«s/d as an estimated lower bound
on 1/c without the need of estimating the spectrum of the Xg.
To conclude, we should point out that these procedures suffer from the problem of replicability, due to

the fact that C,(&X1) is random, implying that, for example, splitting the data in two different ways could

14



potentially lead to contradictory conclusions. Moreover, it is likely that splitting the sample reduces the
power of our tests, since we are not making full use of the information in the data. These issues were tackled
in Guo and Shah (2023), where rank-transformed subsampling was introduced to increase the power of k-fold

sample splitting.

4 Optimality and examples

In this section, we assess the optimality of the oracle test given in Theorem 6, under the settings of Examples 1
and 2, i.e. when S = {{1,2},{2,3},...,{d — 1,d},{d, 1}}, the d-cycle, and when S = {[2d], [d] U ([3d] \
[2d]), [3d] \ [d]}, the block 3-cycle. These collections S provide examples where our methodology is provably
near rate-optimal. For a given dimension d, these two examples further demonstrate the range of optimal
rates that can arise for different collections S. Assuming for simplicity that ng = n for all S € S, we will
see that the optimal rate in the d-cycle case is {log(d)/n}'/2, while for the block 3-cycle it is (d/n)*/? up to
logarithmic factors. Together, these results show that the structure of S can have a significant effect on the
difficulty of the problem.

We will characterise the optimality of a testing procedure using the minimax framework, where we aim
at finding the smallest separation between the null and the alternative hypotheses such that there exists a
test that can distinguish between Hy and H; up to a given level of error. More precisely, given p > 0, we

are interested in testing
Hy:R(Zs)+V(ed)=0 wvs. Hy:R(Zg)+V(ed) > p,

and our goal is to find the smallest value of p such that there exists a test with uniform error control. Write
U = PUs(ng) for the set of all tests, that is measurable functions of the data (Xg,; : S € S,i € [ng]) taking
values in {0,1}. Write Ps(0) for the set of all sequences of distributions on (R¥ : S € S) such that the
associated correlation matrices and variances satisfy R(Xs) + V(02) = 0, and write Ps(p) for the set of all
sequences of distributions on (R® : S € S) such that the associated correlation matrices and variances satisfy
R(3s) + V(02) > p. Given a sequence of distributions Ps = (Ps : S € S) on (R : S € S) and a sequence of
sample sizes ng = (ng : S € S), we write P{"™ for the distribution of the entire dataset (Xs; : S € S,i € [ng])
when each observation is independent and Xg; ~ Pg for each ¢ € [ng] and S € S. For a fixed n € (0,1) we

may then define the minimax separation to be

p* = pélns,n) ;= inf {p > 0: inf ( sup PSP (p=1)+ sup PI¥(p= 0)) < n}
pew Pso€Ps(0) Ps1€Ps(p)
In our analysis we take n = 3/4, but this is an arbitrary choice and any constant value in (0,1) would
result in the same qualitative behaviour. In common with previous work on minimax testing, we prove lower
bounds on p* by constructing suitable (prior) distributions pg, 1 whose support is contained in Ps(0), Ps(p),
respectively. In our proofs it will be sufficient to consider mean-zero Gaussian distributions with suitable

priors over their covariance matrices. Having chosen these priors we can bound the minimal error probability
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by writing

sup ng‘s(go =1)4+ sup PS(%TS(QD =0) > E#DPS%LS(cp =1)+ EMPS{Lg(Lp =0)
Ps,0€Ps(0) Ps 1€Ps(p)

>1- TV(EMOPS?(?S?IEM S(gjlm)’

where E,, ngs denotes the mixture distribution of the dataset resulting from generating Fs; ~ p; then,
conditionally on Ps;, generating the data. Then, the idea behind this method of finding a lower bound on

p* is to find priors g, 1 with the largest separation possible such that no test can successfully distinguish
between E,, PSSLS and IEMPS%"S.

4.1 Cycles

Figure 2: Graph associated to the d-cycle Sq = {{1,2},...,{d,1}}.

Recall that we refer to S as a d-cycle when S = Sy := {{1,2},...,{d,1}}. This can be illustrated by
Figure 2, where an edge in the graph represents an element of S, so that two nodes are connected if and only
if the corresponding variables are simultaneously observed. In this subsection, additions in subscripts of the
form (j, 7+ 1) for j € [d] are intended modulo d, where d in the size of the cycle, so that (0,1) and (d,d +1)

are equivalent to (d,1). Our main statistical result in this subsection is following minimax lower bound.

Theorem 9. Let S =S, for d > 3, with sample sizes ng = (n1,...,n4). There exists a universal constant
c1 > 0 such that
logd
pr >y | ———— g :
mlnje[d] Uz

This result shows that the power guarantees for the oracle test given in Theorem 6 are optimal up to
constants, in the case of a d-cycle. Combined with this upper bound, our construction of the prior distri-
butions pg, g1 in the proof of Theorem 9 shows that testing the consistency of the variances o2, i.e. testing
Hy;: a%j_l,jm = U?j,j 11y, foreach j =1,...,d, captures the essential statistical difficulty of the problem.

In the remainder of this subsection we explore the properties of R(:) in the cycle example. In particular,

we provide explicit expression in simple cases, we discuss the meaning of maximal incompatibility and we
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prove a result showing that R(-) is bounded below by the maxima of suitable linear functions if Xg, is not

too singular. Here we write s, := (31,9}, , Xq4,1}) for a sequence of 2 x 2 correlation matrices with

1 Pj,j+1
Yjj+1 = P
Pij+1 1

Our next result shows that singular matrices can be removed from s, when d > 4, without affecting the

value of R(-), reducing the length of the cycle.

Proposition 10. Fizd >3 and k > 1. Let Xs,,, be a (d + k)-cycle with correlations (p{1,2},- .., P{d+k,1})
such that |pj 1| = 1 for all j € {d+1,--- ,d + k} and let X5, represent a d-cycle with correlations
(Pg1,2} - -+ > Pyay) such that pj i1 = pjjv1, forall j € [d—1] and

d+k
pay = paa+r i II pjjr1=1
j=d+1
ik
pa1 = —pada+1 if I pjj+1=—1.
j=d+1

Then we have R(Xs,.,) = R(Xs,).

This reduction applies when the correlations associated to an edge belonging to the path from node d+1
to node 1 are either +1 or —1. In this setting, we are allowed to identify node 1 with node d + 1 in such a
way that the incompatibility measure of the red d-cycle ¥s, in Figure 3 is the same as the one of the original
(d+k)-cycle X, , . This is to be expected, as p; ;11 = £1 means that variables j and j+ 1 can be identified,
up to change in scale, and the dimensionality of the problem can be reduced. Clearly, this result is invariant

under cyclic permutations of the nodes’ labels.

Pdd+1

Figure 3: Illustration of Proposition 10. All the correlations associated to an edge belonging to the path from node
d 4+ 1 to node 1 are either +1 or —1, and are such that Hfi;H piiv1 = £1. The new d-cycle Xg, in red has the
same correlations as the (d 4 k)-cycle Xg, ., except for pg1 corresponding to the new edge {1,d}, which is equal to
tpd,d+1-

We now give some explicit expressions for R(-) in special cases and discuss a case for which R(Xg) =
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1, meaning that g is maximally incompatible. It will be convenient for the rest of the subsection to

reparametrise the correlations as p; = cosf;, with 6; € [0, 7).

Example 4. If there are 01,02 € [0, 7] such that 6, > 02 and

S o 1 cos 01 1 cos 0 1 1
S cos 01 1 "\ cos Oy 1 "\1 1 ’

then R(Xs,) = (cosfy — cosb1)/2. In particular, setting 02 = 0 we see that if

1 cos 01 1 1 1 1
283 = 5 5 )
cos 01 1 1 1 1 1

then R(Zs,) = sin?(01/2). Moreover, assuming without loss of generality that at most one correlation is

negative, as justified in Proposition 11 below, for a general 3-cycle Xs, we have R(Zs,) =1 if and only if

=66

These results can be extended to a general d using Proposition 10.

Related to the last claim of Example 4, another important property for a d-cycle is that we can always
assume without loss of generality that at most one 6; is larger than 7/2, which is equivalent to having at

most one negative p;, without changing the value of R(-). This is shown in the following result.

Proposition 11. Consider the d-cycle with Sq = {{1,2},...,{d,1}} and Xs, := (Xf1,2}," - , Xqa,1}), where
the correlations p; = cosf; are uniquely determined by 0 < 61,...,04 < w. Then, there exists another
sequence of angles 0 < 51, ..., 04 < 7 with at most one 6 larger than 7/2 such that the corresponding d-cycle
igd = (2{172}, e 7i{d71}) satisfies R(igd) = R(Xg,)-

As the proof in Section 6 shows, this new cycle g , is obtained after changing some X; into —X; in such
a way that at most cos6; is negative.

The last result we present on the d-cycle gives an explicit lower bound for R in the case that g, is
incompatible. This is related to the results of Barrett et al. (1993) characterising exactly when the partial

correlation matrix

1 cos 01 * --- cosby
cos 0 1 cosbly - *
Ypartial = * cos 0 1 .. *
cos 0y * * B 1

has a positive semi-definite completion. Barrett et al. (1993) shows that this is the case if and only if

SO < (K| -+ > 0 (6)

jJEK JEK
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for all K C [d] with |K| odd. Remarkably, this shows that the parametrisation p; j;1 = cos6; allows us to
characterise the feasibility of positive semi-definite matrix completion in terms of a finite number of linear

inequalities. If we know that 0 < 03 < 651 < ... < 6; < 7 then this reduces to checking

k d
o< (k-Dm+ Y 0
j=1 j=k+1

for all odd k € [d]. Furthermore, if 0 < 64,...,604 < m with at most one 6; larger than 7/2, then X440 has

a positive semi-definite completion if and only if

Proposition 11 shows that we can always work under this setting, so that the problem of whether ¥4, tia
has a PSD completion or not is determined by one condition only, namely 2 max;¢(q) 05 < Z;l:l 6;. This is a
novel contribution per se, since it is not present in Barrett et al. (1993). It is interesting to see that Barrett’s

characterisation enables us to derive a more explicit expression for R(Xg,) in the case of a d-cycle.

Proposition 12. Let ¥ be the optimum solution to the dual problem (2), and let p* = (¢7,...,¢}) be such
that ¥j j11 = cos ¢} for each j € [d]. Then:

(i) R(3s,) = [p; — (1 = R(Zs,)) cos @], for all j € [d];
(i) @* = (¢, ..., ¢%) is unique, and @*(01,...,04) is continuous for varying (61,...,04) € [0, 7]%;
(iii) if 01 = max;c(q 05, with Oo,...,04 < 7/2, then

1—¢jcost;

1-R(XZg,) = for all j € [d],

%

1 —¢j cos ¢}

where €4 = (€1,...,€6q) = (—1,+14_1). Also, ] = 2?22 ©;

Observe that part (ii) only says that the entries of ¥ corresponding to the cycle pattern are unique, not
the whole Y itself. Indeed, given the unique optimal ¢*, there may exist infinitely many positive semi-definite
completions. In fact, if A is a partial symmetric matrix admitting a positive semi-definite completion, then
there exists a unique positive semi-definite completion with maximum determinant (see Theorem 2 in Grone
et al. (1984)). Also, as a sanity check, observe that the optimal choice of the signs in part (iii) makes X
in (3) as incompatible as possible, in accordance with the dual representation given in Proposition 3. For a
general sequence of angles (01,...,04), it is sufficient to use the transformation given in Proposition 11 to
reduce to the case where at most one angle is larger than 7/2, choose €4 as outlined above, and perform the
inverse transformation to obtain the signs for the original (61, ...,04). As an immediate corollary of this, it

is easy to see that, under the same set of hypotheses, we have

1+ cos 61
b RO = s
1
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where 7 is the solution of
* d *
$1 = Zj:Q Pj

1—cos6;

cosp; =1— 1o (L+cosepy), forall je{2,..., d}.

This is a relatively explicit expression for R(-) for a general d-cycle.

Our final result in this subsection shows that, provided not too many of our input matrices are close to
being singular, R(Xs,) can be bounded below by a finite maximum of linear functionals that is zero if and
only if Xg, is compatible. This lower bound constitutes another sanity check for our measure R(-), since the
quantities appearing in the lower bound are a natural quantitive version of the qualitative conditions given

in Barrett et al. (1993) to check whether the partial matrix ¥,4,1iq1 defined above admits a PSD completion.

Proposition 13. Consider the d-cycle with S = Sq = {{1,2},...,{d,1}} and suppose that

1 cos 0;
P+ = cosf; 1 '
J

Assume further that there exist ¢ > 0 and two indices k,j € [d] such that 1 — p? > ¢, 1—pi > ¢, so that

Y41y and Xy p1y are bounded away from singularity. Then, whenever ¥, is incompatible, we have

where ¢ > 0 depends only on c.

The proof of Proposition 13 can be found in Section 6. First, observe that this lower bound reduces to

d
C/ <91 - Z 91> y
=2 +

in the case that 6; = max;ecpq 0; and s, ...,0q < m/2, which we have already argued that we may assume
without loss of generality. Furthermore, as a sanity check, the simple explicit expressions found in Example

3, in which we have seen that

1 0 1 0 11 11
R o ) st , e = (cosfy — cosby)/2,
cos 0 1 cos 05 1 1 1 1 1

is in accordance with Proposition 13, since cosfy — cosf; 2. 61 — 62 when 61,60, are bounded away from

{0,7}.
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4.2 Block cycles

So far, we studied with particular care the case of a d-cycle, which is a relatively simple high-dimensional
setting, since it is a collection of d two-dimensional distributions. We now describe an evolution of this
setting, where we consider a block-matrix version of the 3-cycle. In this case the number of variables per
missingness pattern is large and we will see that the minimax separation rates are correspondingly much

larger than in the d-cycle, though the number of variables is of the same order.

Theorem 14. Let S = {[2d], [d] U ([3d] \ [2d]), [3d] \ [d]} for some d > 1. Writing ns = (n1,n2,ng) for the

sample sizes within each pattern, there exists a universal constant ¢y > 0 such that

d
LIS ¢
p= 1\/(7’L1/\n2)10g4<6d)

whenever ny Ang > d/2.

This result shows that, up to logarithmic factors in d, the minimax separation rates for this testing
problem are the same as the minimax estimation rates for estimating g in the operator norm distance. This
is related to the fact that R(Xs) is a non-smooth functional of Xs. Indeed, the following result shows that
we can construct examples of ¥g such that R(Xs) can be bounded below using the function z — max(0, z);

see below for more discussion of the relevant literature.

Proposition 15. Consider the set of patterns S = {[2d], [d] U ([3d] \ [2d]), [3d] \ [d]} for some d > 1, and

suppose that
I; P I, -P Iy Bla
ZS = ) ) )
PT I, -PT I Blg g

for some P € R¥™4 such that |P|l2 < 1 and some B € [0,1]. Then:
(i) R(Zs) =0 if and only if ||P|3 < 152,

(i) R(Ss) > & ?:l(a?(P) - %)_5_, where 0;(P) is the j-th singular value of P.

This shows that, for s of the form above, we can relate our testing problem to the problem of testing
whether the vector of squared singular values of P belongs to the orthant (—oco,0]¢, or is separated from
it in the ¢; distance. In a Gaussian location model a similar problem, measuring separation with the ¢y
distance, was considered by Blanchard et al. (2018), and part of our lower bound construction is inspired
by this work. However, the consideration of singular values of matrices rather than Gaussian means means
that new technical tools are required. In this regard, the techniques of Thépaut and Verzelen (2021), who
consider the estimation of quantities of the form Z?Zl 0j(P)? for ¢ > 0, are useful. We also mention that
such problem are related to the estimation of ¢; distances, for which good references include Cai and Low

(2011) and Jiao et al. (2016).

5 Numerical studies

The tests introduced in Theorem 6 and Proposition 8 give finite-sample Type-1 error control over Pé) , the

parameter space associated to the null hypothesis. However, these procedures can be too conservative in
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some examples of interest, and have the further downside of depending on the unknown subgaussian variance
proxy v. For these reasons, we propose Monte-Carlo versions of our tests, that can be applied without any
knowledge of unknown parameters, and we compare it with Little’s test (Little, 1988). In Section 5.1
we introduce a bootstrap method that checks the incompability of sample correlation matrices, while in
Section 5.2 we extend this method to also check the consistency of samples means and variances.

Little’s test can be applied when all pairs of variables are observed together, so that the EM algo-
rithm (Dempster et al., 1977) can be applied to find estimators i and A of the mean and covariance matrix of
the data under the null hypothesis of MCAR. Little’s test is a generalised likelihood ratio test whose validity is
is based on the assumption that the data (Xg; : S € S,i € [ng]) are Gaussian. Writing A= ntotf\/(nwt -1,
where nior = ) geg s, define

d? = Zns()fs - ﬁ\s)]\fsl(fs — [i|s)s
Ses
dZ, = nsltr(Sshg) — S|~ log|Ss| + log|As]l,
Ses
and

g = d* + d;

aug cov*

Then, under MCAR, d2_, converges in law to a y2-distribution with

aug

1 1
F=2_5IS(8+3) - 5d(d+3),
Ses
degrees of freedom by Wilks’ theorem. Based on these asymptotic results, Little’s test rejects MCAR if and
2> Xfc(l —a), where X?(l — @) is such that P(W > X?(l —a)) = a, and where W is y2-distributed

that ignores the means and only

only if d,,,

with f degrees of freedom. Similarly, one can define a test based on d?

cov

considers the partial covariance matrices, which converges to a x2-distribution with

1 1
7= 35181081+ 1) - Sdd+1)
Ses

degrees of freedom by Wilks’ theorem. In the next section, we will compare our bootstrap method with these

2

7ug the other on dZ,,. This is because in Section 5.1 departures

two versions of Little’s test, one based on d

from the null are due to an incompatible sequence of correlation matrices, while the means are assumed to

2

be constant, hence we do not want to give ourselves a clear advantage by comparing only with d,.

5.1 Correlation matrices and simulations for d-cycles

In this section, we design a bootstrap version of our test, and compare it with Little’s test in detecting
departures from MCAR due to an incompatible sequence of correlation matrices Yg. Recall that we write
f)g = (ES)SGS, where f]s is the sample correlation matrix of the data Xg = (Xg,,7 € [ng]) for S € S.
From Proposition 3 we can write 3g = (1 — R(Zs))Qs + R(ig)A’S7 where Qg can be thought as the closest
compatible sequence of correlation matrices to ig, and can be computed at the same time as the test statistic
R© := R(Ss). We then transform the original data by calculating Xg := @}gﬂiglﬂ scale(Xg) forall S €S,
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where scale(-) represents the step of standardising the original data. This transformation means that the
sample correlation matrices of Xg := (Xg : S € S) are compatible. Fixing B € N, for each b € [B] and S € S
we generate X éb) as a nonparametric bootstrap sample from Xg and calculate the sample correlation matrix
iS,b = Cor(Xéb)). Then, for each b € [B] we compute the corresponding test statistic R(®) := R(is,b 15 €S).
Finally, we reject Hy at a significance level o € (0,1) if and only if 1 + Zf;l 1{R® > RO} > o(1 + B).

We compare this test with Little’s procedure in the settings given in Theorem 9, namely in the case
of a d-cycle. For our first settings, we set ng = (ns)ses = (200,...,200), and simulate Xy; i1y, Hg
N(02,%y; j4+13) for i € [200] and j € [d], where

1 cos 01 1 cos 0y
Xs, = e, ,
cos ¢ 1 cos 0y 1

for certain values of 6y,...,04 € [0,7], and compare our bootstrap test with Little’s procedure. Here, we
repeat the the experiment M = 200 times, and report the average decision as an estimate of the power
function. This makes sense only for d = 3, while for d > 4 there exists at least one pair of variables that
are never observed together, making the EM algorithm to estimate A inapplicable. As for the case d = 3,
Figure 4 shows two different simulations, with different values of (01, 62, 63), where our test performs very

similarly to Little’s tests. As stated above, for d > 4 Little’s test cannot be applied, while our test remains
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- _ - - e
/ /
/ /
o N o .
o o /

© / ©
(=] (=]
. /
-

= = /

o o /
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7 Little's power / Little"s power
+ Little's power cov + Little"s power cov
(=] - -
= Our power g Our power
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0.0 0.1 0.2 0.3 0.4 0.0 01 0.2 0.3 0.4

Figure 4: Simulation of the power functions of our method with B = 99 (blue), Little’s method based on dgug (green),
and Little’s method based on d2,, (orange), with Gaussian data. In each example, we vary 01 € [02-403, (02+605+)/2],
with (02, 03) equal to (w/3,7/6) (left), (7/4,7/4) (right). For each of this setting, we repeat the experiment M = 200
times, and report the average decision. The nominal level & = 0.05 in red.

valid since there are no constraints on S. In Figure 5 below, we show the power function of our bootstrap test

in the case of a d-cycle, with d € {100,200}, with 6, = ... =0, = ﬁ, and varying 6, in [7/2,57/8]. We
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repeat the procedure M = 100 times, and report the average decision as an estimate of the power function.
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Figure 5: Simulation of the power functions of our method with B = 99(blue) for d = 100 (left), and d = 200 (right),
with Gaussian data. In each example, we fix 62 = ... = 04 = 57y, and vary 61 in [7/2,57/8]. For each of this
setting, we repeat the experiment M = 100 times, and report the average decision. The nominal level & = 0.05 in
red.

Our simulations so far have used Gaussian data, so that Little’s test is valid. We now repeat our
simulations with a heavy-tailed data distribution in order to assess the robustness of the methods. To this
aim, we consider again a 3-cycle, and generate X; i1y, s log N (02, %y j11y) for all @ € [200],5 € [3],
where log N(02,%y; ;+1}) stands for the log-normal distribution, meaning that if ¥ ~ log N(02,X¢; j113)
then Y; = e%i, with Z ~ N(02,Xy;4+13). Figure 6 below shows the analogue of Figure 4, in the sense
that the parameters (01, 02, 03) are the same, but we generated artificial data from a multivariate log-normal
distribution rather than a Gaussian distribution. It is interesting to see that Little’s test does not have
Type-I error control. On the other hand, our test succeeds in controlling the Type-I error and, although

being conservative, its power increases as Xs, becomes more incompatible.

5.2 Omnibus approach

We now aim at designing a test that is able to detect departures from MCAR due to inconsistent means
and variances as well as incompatible correlation matrices. To this aim, we define a new bootstrap test that
checks both compatibility of X, and consistency of o2 and ug, the sequence of means along the different
patterns in S. We will use as test statistics estimators of T' = R(Xs) + V(02) + M (us), where

M = max ma ;— i
(/1'5) je[;]( Sl,sz)e(Sj |ﬂ51,J /1’52,J|
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Figure 6: Simulation of the power functions of our method with B = 99(blue), Little’s method based on diug (green),
and Little’s method based on dZ,, (orange), with log-normal data. In each example, we vary 6; € [0 + 03, (02 + 03 +
) /2], with (62,03) equal to (w/3,7/6) (left), (7/4,7/4) (right). For each of this setting, we repeat the experiment
M = 200 times, and report the average decision. The nominal level o = 0.05 in red.

Observe that M (ug) = 0 if and only if ug is consistent. This results in Algorithm 1, which is implemented
in the R-package MCARtest (Berrett et al., 2022).

Algorithm 1 MCAR bootstrap test checking compatibility of correlation matrices, and consistency of means
and variances

1: Given data Xs, compute 62 = Var Xg, and rescale it such that av;(53) = 1 for all j € [d]; i.e. replace
X; with X;/+/av;(03) for all j € [d].

2: Compute g = EXg, J\//TS = Cov Xg = diag(ag)l/2 DY diag(o§)1/2.

3: Compute T = R(Ss) + V(62) + M(lis), and compute at the same time the dual decomposition
Ss = (1— R(Ss))Qs + R(3s) 24,

4: Rotate the original data Xg, i.e. for all S € S, for all ¢ € [ng] do )N(s,i = @§/2ﬁ§1/2()(5,i — is + i|s),

where fij = [S;|7" Yges, 115,5-

: for b € [B] do

For all S €8S, let X ébz be a nonparametric bootstrap sample from )N(&i, for i € [ng].

Compute fis, = ]EXéb), Z\/Zg,b = Cov Xéb) = diaug(&é,b)l/2 . is,b . diag(&évb)l/?

Compute T®) = R(ig’b) + V(Aéyb) + M (fisp)-
: end for
10: Reject Hy if and only if 1+ Y2 1{T®) > T} > o(1 + B).

© X T DA

2

As before, we compare this algorithm with Little’s test based on dy,,, -

In this section we generate complete

artificial data according to various distributions, and then delete entries using the R package missMethods
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(Rockel, 2020). MCAR data are generated with the function delete MCAR, where each entry of the data
matrix is deleted independently of the others with probability p € (0,1). Deviations from the null are
generated by partitioning the columns in two groups, group A where the missing values are generated,
and group B which determines the missingness mechanism, with two different mechanisms being considered.
First, delete MAR_1_to_x sets threshold values, splits the rows into two further groups depending on whether
columns in group B have values greater or smaller than the threshold, and deletes some entries in columns in
group A in a such a way that the probability for a value to be missing in group A divided by the probability
for a value to be missing in group B equals 1 divided by x, with x to be specified as an input parameter.
Second, delete MAR rank deletes each entry in a column of group A with probability proportional to the
rank of the same row in the corresponding column of group B. For further details on these functions, and
other methods to generate MCAR, MAR, MNAR data, refer to Santos et al. (2019). These three functions

were also chosen in the numerical analysis of a test of MCAR based on U-statistics in Aleksié (2023).
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Figure 7: Type-I error under MCAR Figure 8: Power function un- Figure O: Power function un-

data generate with delete MCAR(p), der MAR data generate with der MAR data generate with
for varying probability p of having delete MAR 1 tox(p, x = 9), for delete MAR rank(p), for varying
a missing value. Data from Clay- varying probability p of having a probability p of having a missing
ton copula with parameter 1 and log- missing value. Data from the same value. Data from the same Clayton
normal margins. B = 99, M = 300. Clayton coupla. B =99, M = 300. coupla. B =99, M = 300.

For Figures 7, 8, 9, we generated 5-dimensional datasets of sample size n = 1000 distributed according
to a Clayton copula, with parameter 1 and log-normal margins, using the function mvdc from the R-package
copula Hofert et al. (2020). For Figure 7 we deleted the first two variables with delete MCAR(p) for different
values of p € {0.03,0.06,...,0.3}, in order to get an artificial setting coming from the null. For each p, we
repeat the simulation 300 times, and report the average Type-I error. Alternatives to the null were generated
using delete MAR_1 to_x, with z = 9, for Figure 8, and delete MAR rank for Figure 9. Again, for each p,
we repeat the simulations 300 times, and report the average power. The simulations show that Little’s test
is not able to recognise MCAR in this setting, and rejects the null hypothesis with high probability. On the
other hand, Algorithm 1 has good control of the Type-I error, although being a little conservative, and its
power increases as the missingness probability p gets bigger and the effective sample sizes for the incomplete
patterns increase. Our test performs slightly better in the case of a 3-dimensional dataset of sample size
n = 1000 distributed according to a Clayton copula, with parameter 1 and chi-squared margins. The results

of these simulations are shown in Figures 10, 11, 12. In this case, we delete the first two columns, while the
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third one is always complete. Here our method retains Type I error control and is more powerful than in

the previous settings, while Little’s test does not have good control of the Type I error.
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Figure 10: Type-I error under MCAR
data generate with delete MCAR(p),
for varying probability p of having
a missing value. Data from Clay-
ton copula with parameter 1 and chi-
squared margins. B = 99, M = 300.

6 Proofs

6.1 Proofs for Section 2
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Figure 11: Power function un-
der MAR data generate with
delete MAR 1 tox(p, x = 9), for

varying probability p of having a
missing value. Data from the same
Clayton coupla. B =99, M = 300.

Proof of Proposition 1. For any X € M and Xs € Mg we have

N
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Figure 12: Power function un-
der MAR data generate with
delete MAR rank(p, for varying

probability p of having a missing
value. Data from the same Clayton
coupla. B =99, M = 300.

(AX, Xg)s =D > (AX)s)j5r(Xs)jjr = > > Xjjr(Xs)jj

SeSj,j'eS

SeSj,j'es

d
= Xji ) Liges(Xs)jy = (X, A" Xs),

as claimed.

J:3'=1

Ses

O

Proof of Proposition 2. The strategy is to use a semi-definite programming version of Farkas’ lemma. This

is well known in the relevant literature, but we provide a statement and short proof for completeness; see

Proposition 25 in Appendix C. First, rewrite the matrix completion problem

find ¥ € M such that

=0
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as

(8, Ej50) = (£s)57, V5 € Syjr
S0

find ¥ € M such that (7)

where Ej ;0 = (eje}: + ej/e?)/Q and e; is the j-th column vector of the standard orthonormal basis of R<.
In order to apply the semi-definite version of Farkas’ lemma we transform our problem so that the equality

constraints have zero on the right-hand side. To this end, define

0 T/2 —(2g);» 0T
Hj = ej/ and Gs,jjl = ( S)” y
ej/2 O 0 E;p

and consider the completion problem

(, Hj) = 0,%j € [d]
find & € M such that < (33, Gg ;) = 0,VS € S}/ (8)
2= 0.

The condition (X, H;) = 0,V € [d] forces ¥ to be in block diagonal form

T
. Y,0 O .
0 b))

Now, observe that (7) has a solution if and only if (8) has a non-zero solution. Indeed, for every solution ¥
of (7), then diag(1, %) is a solution of (8). On the other hand, suppose that ¥ = diag(v0,0,20) # O is a
solution of (8). This implies that vy, # 0, otherwise 0 = (io,Gst/) = —,0(Xs);» + ;5 = 3;;7, which
would imply %9 = O. Being v0,0 # 0, we can rescale the bigger block in So by Y0,0, i-e. Xg =: 79,0G, and
get 0= (X0, Gs55) = —70.0(2s)j5 +70.0G5 = —(8s);5 + Gjjr, which shows that G is a solution of (7).
This further implies that we can assume without loss of generality that vp o = 1 when (8) admits a non-zero

solution. Now, by Proposition 25, we know that (8) has a non-zero solution ¥ = diag(1, ) if and only if
—(¥s,Xg) 0" —(%s,Xs) 0"
> D (Xs)iy Gy = Z( 0 1xg) 0 aex, ) 7
Sesjj'es Ses 248 2 S

for all sequences of matrices Xs, not necessarily PSD. Now, this block matrix is positive definite if and only
if both A*Xs > 0 and (Xs, Xs) < 0. Hence, (8) has a non-zero solution if and only if (¥s, Xs) > 0 for all Xg
such that A*Xg > 0, and the claim follows. O]

Proof of Proposition 3. Weak duality, i.e. LHS < RHS, always holds for SDPs (see Blekherman et al. (2012)),

but we include a short proof for the sake of completeness. In fact, for any ¥g € Ps, we can rewrite

inf{e € [0,1] : S € (1 — )P + €Ps} (9)
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as
inf{e € [0,1]: Bg € (1 — )P + ¢Ps} = 1 —sup{e € [0,1] : Xg € ¢PE + (1 — €)Ps}
1
=1- gsup{tr(E) B eP N —AY =5 0,511 =... =Xg4}-

Now, for any Ys € Pg such that A*Ys +Y = I; for some Y € Y, and any ¥ € P* such that ¥g — A¥ =5 0,

we have

tr(X) = (14, 3) = —(A"Ys+Y — 1, 3) + (A5 + V. X)) < (A"Y, X)) + (Y, X)
= (A"Ys, %) = (Y5, AX)s = (Ys, Bs)s — (¥s, U5 — AX)s < (Ys, Xs)s-

This shows that (9) is lower bounded by
1
1-— Einf{<YS, 2§>§ Y5 € 'Pg,A*YS +Y > Id}. (10)

Weak duality follows upon noting that A*X{ = I; and (X{,Ys)s = d and setting Xg = Y5 — X2. This is
not surprising, as we already mentioned that weak duality always holds for SDP problems.

We will now prove strong duality for this problem. Our strategy is to write our primal and dual problems
in standard form and check Slater’s condition for the primal problem (10). We already mentioned that (9)

can be written as

1
1-— Esup{tr(E) B EePH Y =... =344, X5 — AX =5 0}.
We now write this maximisation problem in standard form by introducing variables (Zs : S € S) = Eg—AY. €
P¢. Enumerating S as {S1,. .., Sn}, we instead optimise over block-diagonal matrices of the form
S 0 .- 0
0 Zg, --- 0
X=1. . .
0 0 - Zg

For such X our constraints are equivalent to X > 0,
<Ejj*E11,X>:O fOI‘j:2,...,d

and
<Ejj' + Es,jj/,X> = (Es)jj/ for S € S and j, j/ S S,

where E;; = (ejef + ej/ef) /2 is the binary symmetric matrix of the same dimension as X with its only
non-zero entries being in the (j,j’)-th and (j’,j)-th positions of the top left block, and where Eg;;; =
(esjes ; + es el ;)/2 is the binary symmetric matrix of the same dimension as X with its only non-zero
entries being in the (4, j')-th and (j',7)-th positions of the block occupied by Zg in X. Write C for the

diagonal matrix of the same dimension as X with I in the top left block, and all other entries equal to zero.
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It is now possible to write

sup{tr(X): X e P*, X =...=%4, Xs— AX =50}
=sup{(C,X) : X = 0is block diagonal, (E};; — E11,X)=0for j =2,...,d,
<Ejj/ + E57jj/,X> = (Es)jj/ for S € S and j, j/ S S}, (11)

so that our dual problem (9) is now in standard form. Our primal problem (10) is put into standard form

by writing

inf{(¥s,Ys) : A*Ys +Y = I3, Ys=s0, YseMs, Y e)}

d
= inf{z > (Zs)ijsgi s >, Y. ysgi By + Y i (B — Bu) = I,

SeSj,j'es SeSyj,j'es j=2

Z Z ys,jjEs 5 =0 for all S €8S, YjisYs,ji’ € R for all S, 7, j/} (12)
SeSj,j'es

With the problems written in standard form, it is now clear that (11) is the dual problem associated to (12);
see Theorem 3.1 in Vandenberghe and Boyd (1996). Observe further that the primal problem is strictly
feasible since Ys = X satisfies the linear constraints with Y equal to the zero matrix. Hence, by standard
duality results (Theorem 2.15 in Blekherman et al. (2012), Theorem 3.1 in Vandenberghe and Boyd (1996)),

we have that
sup{(C, X) : X = 0 is block diagonal, (E};; — E11,X)=0for j =2,...,d,
<Ejj/ + ES,jj/,X> = (Es)jj/ for S € S and j,j, € S}

d
= inf{z D (Bs)igysgi Y, > Usgi By + > (B — En) = I,

SeSj,j'es SeSj,j'es j=2

Z Z yS,jj’ES,jj’ =0 forall S €S, YjiisYs,jj’ € R for all S,j,j/},
S€eSj,j'es

and the result follows. O

Proof of Proposition 4. (i) Convexity follows easily from basic properties of the supremum. Indeed, consider
Y = )\Eél) +(1- )\)Eg) with A € [0,1]. Observe that R is well defined at ¥, as the convex combination
of correlation matrices is still a correlation matrix. Then, for all A € [0, 1],

1 .
R(Xs) = sup{ - g<X§, Ys) : Xs + XS? s 0,A*Xs+Y =0 for some Y € y}

1
=supqy — = (X, + (1 — 1 Xs + =s 0, s+Y >0 for someY €
{ (X ALY 4 (1= 0)SP) : Xg+ X0 =50, A" X +Y = 0 f Y y}

1

(1) 0 *
S)\sup{ d(XS,ZS )i Xs+Xs =s 0,4 Xg—i—YﬁOforsomeYey}

1
+(1-1) Sup{ - a(Xg,Eéf)) : X5+ X0 =5 0,A*Xg + Y = 0 for some Y € y}
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= AR(EM) + (1 - MR(ED),

and the convexity of R(-) follows.
(ii) R acts on Ps, which is the space of correlation matrices over the patterns S. Now, the spectrahedron

of all correlation matrices of dimension p,

1 X Tp—1
X1 1 To2p—3
Ep = <$1, 736(@)) e R() Yo = " 0.,
2
l‘p71 1‘21)73 .. 1

is called the elliptope, and identifies a closed subset of R(E). This follows from the fact that the symmetry
condition ¥, = XL defines a linear subspace of R? of dimension (12’), while the PSD condition vTEzv > 0
for all v € RP defines a closed subset of R(g), which is a convex cone. For further insights, refer to Laurent
and Poljak (1996). This implies that, for every pattern S, Pg can be identified with a closed subspace of R?,
where s = Yo ( ‘g‘). The continuity of R follows from the fact that every convex function that is finite on
R® is necessarily continuous (see Corollary 10.1.1. in Rockafellar (1970)).

To prove (iii), we will make use of the fact that the dual characterisation allows us to express R(Xg ) as
1 *
1-— Jsup{tr(Z) N EeP Y =...=2ga, Ny — AgX =g 0},

where d' = | Ugesr S|. Now, let ¥ be an optimal feasible matrix for Yg/, where all the diagonal elements of
¥ are the equal to each other by definition of R. Then, if we consider the restriction of ¥ on UsesS, call
it i‘g, it is clear that g — A§S|S =s 0, since ¥y — AgY =g 0 and Yg C Xg by hypothesis, while E‘S =0
follows again by Cauchy’s interlacing theorem. Hence, calling d = | Uges S|, for every S that is optimal for
Ys/, we can construct a feasible i‘g for Xg such that 1 — tr(i|s) /d = R(Xs/), which completes the proof. [

Proof of Proposition 5. Let o2 be a nonnegative sequence such that av;(c2) = 1 for all j € [d]. Using, for

the third equality, the facts that Ay 14 also satisfies these properties and that av is linear, we have that
1-V(2)=1- inf{e €[0,1]: 02 = (1 — €)Ay 1y + 0’5 with av; (o) = 1 for all j € [d]}
= sup {e €[0,1]: 02 = eAy1y+ (1 — €)o’s with av;(c2) =1 for all j € [d]}

=sup ¢ €€ [0,1] : € < min min 0%t = min min ng,j,
J€E[d] S€8; J€ld] S€S;

as claimed. O]

6.2 Proofs for Section 3

Proof of Theorem 6. We are interested in finding C,, € (0,1) such that Vo € (0,1)

Py, (f > ca) = Py, (R@S) +V(82) > ca) <a
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First, observe that
Pr, (R(Ss) +V(52) > Ca) < P, (R(Ss) > Ca/2) +Prr, (V(52) = Ca/2).

and let us concentrate on the first term. For simplicity we replace our assumption that g =s cls by the

assumption that Yg =g 2cls. We have
P, (R(ig) > Ca/Q) <Py, (R(ig) > Ca/2, ES s CIS) +1—Pu, (ig s CIS) . (13)
Since Yig =g 2cls by assumption, we may bound the second part of (13) by writing

1 =Py, (s =5 2¢ls) = Py, (Zg — S+ S =8 28]5)
< Pg, (Es ~ %5 =5 CIS) + Py, (is s C[S)

< Py, (||§S — 3sll2s > C) + Py, (is s CIS) .

This implies that
1—-Ppy, (Es =5 CIS) < Pp, (||ES — Ysll2s > C) .

Now, define

ZISIIZ s)ii

SeS;

and observe that, for all Xs € Ms, we have (X2, Xs)s = tr(Xs). See Proposition 20 in Appendix B for a
proof of this fact. Using the arguments leading up to (4) above, the first term on the right-hand side of (13)

can be written as

N N 1 N N
Py, (R(Es) > Co/2, Xs =5 CIS) =Py, ( sup —E<XS,ZS>S > Ca/2, Xg =g CIS) )
Xs€F.
where F. = {Xs +X§ s 0,A*Xs+Y =0 for some Y € Y, (Xs+ Xg, 2¢ls)s < d}. Discarding the condition
A*Xs +Y = 0 for some Y € Y and enlarging our feasible to F, := {Xs + X =5 0, (Xs + X2, 2cls)s < d},
we have

Py, (R(is) > C,/2, S =5 cIS> —Py, (R~ R>Co/2, 56 = cIS) <Py, (|R R|> Ca/2, Ss 5 cls)

> c. /2)

= Py, < sup |(Xs + X2, 55 — Bg)s — (tr(Ss) — d)) > d-Ca/2>

<Pg, | sup

Xs€F.

—= XS,ES — Xs)s

XCEF

<Pry | 155 — sllas - sup | X+ X5 > d- Ca/2>

Xs€F.

< Py, (st — Ygllos-dfc>d- ca/z)
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=P, (His —Ygll2s > c- C’a/2> ,

where we used Holder’s inequality for sequences of matrices, and the fact that t_r(flg) = d, since f)g is a

sequence of sample correlation matrices. Putting all the pieces together, we have
P, (f > Ca) < Py, (llis —Yglles > c- Ca/2) + Py, (||§A?s — Ysll2,s > C) + Py, (V(33) > Cu/2)
< 2Py, (IS5 = Ssllas > ¢+ Ca/2) +Puy (V(52) 2 Ca/2),

since P(X > 1) + P(X > x2) < 2P(X > min{z1,z2}). Hence, in order to bound this probability above by
a, it is sufficient to find C\, such that

max {]P’HO (Hf]s — Ysll2s > c- C'a/2> Py, (V(©@3) > C’a/2)} < a/3. (14)

As for the first term inside the maximum, we have

P, (55 ~ Ssllos = - Ca/2) < B, (xggg IS5 - Sslle > c- OQ/Q)

<Y Py, (||is Vsl e ca/z) < |S| - max Py, (||is Vsl e ca/z) .
Ses ses

Hence, calling

Cy(S) :=010§2 ( IS|+12g(1/t)v|S|+12g(1/t)>+CQUZ4 \S|logTE|S\/t)

min min

! < |s+1og<1/t>v|5|+log<1/t>> [S]log(|S1/1)

n n n

v

+C3—

min

forall S € S, with Cy, Cs, C3 > 0 sufficiently big universal constants, it is immediate to see using Proposition 7
that it is sufficient to take )

Co > —maxCy/3i5/(5), (15)

c SeS

in order to have Py, <||§]g — Xsllas > c- C'(X/Z) < «/3. As for the second term in the maximum in (14),
since V(02) = 0 under the null,

Py, (V(03) 2 Ca/2) = Pu, (V(33) — V(08) 2 Ca/2) < P, (IV(3E) — V(03)] 2 Ca/2)

>, /2)

=Py, ( | min min Egj — min min agwj
jE[d] SeS; 77 JE[d] SeS; 7

< Py [ maxmax|6% . — o2 .| > C,/2
= 0 (je[d] SESj| S.j S,]I = (x/

<3N Pu, (158, — 02,1 > Ca/2)

j€ld] SES;

< (X B msmaceu (58, -5, o2
J
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Now, the standard Chernoff method gives, for all j € [d], for all S € S;,

R ngC2 minges nsC?
P, (‘Ugd - Ugd' = CO‘/2> < exp {_2561/4} = exp {_2§61/4 ’

so that Py, (V(62) > Ca/2) < a/3 is satisfied if

minseg nsci
Jg] IS;1 eXP{_W} < <.

wl| o

Hence, it is sufficient to take

log (35 e14 1i1/a)

C, > 1612 :
minges ng

(16)

In order to satisfy both (15) and (16) at the same time, it is sufficient to take the maximum between the

two right-hand sides, and the statement follows. O

Proof of Proposition 7. First, observe that a generic element of P P, can be written as

~ aij Uij 1 1 ~ 8ij 70’1']'
P — Py = — — === - 0 + ———=.
00 0i0; 0i0;

This implies that P — P can be written as
P-P=WoS+Wo(Z-),

where o stands for the matrix pointwise product, also known as Hadamard product, and W, W satisfy
Wi; = 1/6,6; — 1/o,05 and Wi; = 1/0;0;. We will now bound the operator norm of this difference using
the following facts about Hadamard products. First, as shown in (3.7.12) of Johnson (1989), if A, B € M
and A = 0 then we have

Ao Bl < Al Bl|2.

40 B < max |4, 51

Second, for arbitrary A, B € M and v = Z?Zl v;e; € RY, we have
d d
I(Ao B)oll = [[(AoB) > vies| < |uvilll(Ao B)ei
i—1 =1

d d
= S bl B A1 < 3 o (sl Al ) B B
=1 =1

d d
< Aij i| | Beil| < Aij i||1Bll2 < Vd Ai;[ ) 1B ;
< (jma 1401 ) Do lelimed < (mae 401) St 3l < VA (mae 141) 15110

i=1
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where {e;};¢[q is the canonical basis for R?. Since W = 0 these facts imply that
1P = Pll < [W o Sl + 1 o (€ - S)la < W o Sl + (x| ¥31) 15 - =1
<V ( ma [W1) 1Sl + (o] 751 ) 1 - 2
J€ld] J€ld]
<V (e 19351 ) 15+ v (e (951) 15 = S+ (e 1751) 15 - o
,]
1

)||E 32 + max
€ld]

For the second and final terms, Proposition 28 in Appendix D ensures that

a d x z \2

and inverting this bound, we get that

1

0;03;

1

~ ~

0i0; 0;0;

_\/a(max

i,j€[d]

) 122 4+ Vd (max

J€ld]

1
0j

G0

1
) IE — 2l2.

IS — Bl < Cu? d+105(4/t) y d+lo§(4/t),

with probability > 1 — t/2, for a universal constant C; > 0 sufficiently big. In this regard, we remark that

universal constants might change from line to line, but we will use the same notation to ease the presentation.

As for the first and second terms, writing o2, for the smallest component of (¢7,...,07), observe that
1 1 |oi0; 1 0;0;
max |—— — = max 27 1< —5— max 7 _1
i,j€ld] |00 0i0; i,j€[d] 0;05 |0;0; O min J€ld] | 050
1 0;0; 0; O
= —— max - -2+ "-1
Omin HJ€ld] | 0405 g; g;
1 o; (0 o;
<= (max ﬁ(,fl) + max AllD
Omin \&J€d] 05 \0; i€ld] |0y
1 O o
zz(max — —1|max |=L| + max ,f—lD
Ornin \(€[d] | 04 JE[d] i€ld] | 0
1 1/275—1/2 1/27—-1/2 1/275—-1/2
= —— (ID"2D™/2 — 1|\ /2D 12|}y + | D'/*D /2 ~ I]1)

min

which implies that, in order to control max; je(q |1/5:0; — 1/050;], it is enough to control |DY2D=1/2—1]|,.
To this aim, first observe that, for all ¢ € [0, 1],

P(lo2 /52 — 1| > t) < P(|55 /07 — 1] > t/2).
Indeed,

P(lo7/57 -1 >t) =P ({0}/5; >1+t}U{0}/5] <1—1})
<P(0}/o; >1+1t)+P(0}/o; <1—1)
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P(c 2/0 <14+t~ )+P(EJ2-/0J2->(1—15)_1)
IP’(U —J < U2t(1+t)71)+]?(6'\]2-—0'j2->O']2-t(1—t)71)
P (0707 —1<—t(1+t)"")+P (G /o] —1>t(1—-t)""),

and since t(1 +¢)~1,¢(1 — )=t > t/2 for t € [0, 1], we can conclude
P(lo3/57 —1| > t) <P(|5; /07 — 1| > t/2).

This is helpful, since we know how to control \Ejz /032- — 1]. Indeed, since the X, are v-subgaussian random
vectors, the X;; for varying ¢ € [n] are i.i.d. v-subgaussian random variables, hence the ng for varying
i € [n] are i.i.d. subexponential with parameters (4v/2v2,412) (see Proposition 27 in the Appendix). For
every j € [d] and every t > 0, we can therefore use the standard Chernhoff method for subexponential

random variables (see Proposition 26 in the Appendix) to see that

1
P(|63/07 =1 >t) =P - Z (X} —E[X7])| > o7t | <exp{—nojt*/(64")}
1€[n]
if 0 < 0215 < 812, In particular, this remains valid for 0 < ¢ < 8, being O’ < 12, and since we are interested

in small values of ¢, we are allowed to focus just on this subgaussian regime in our analysis. Inverting the

previous bound, we have that

1-P <a2/A21|< 16,7, [lostd/t) We[d]> P<3Je[]:|02/321|s12”2 10%“‘””)

min n

d
/log(id/t)> <> (W fo? —1) < % log(id/t)> -

J

mlIl

d
< Z <|02/o STEE

J

Now, following similar lines as in Oliveira (2010), since for any = € [-3/4,3/4] we have |/1+ 2 — 1] < z by

the mean value theorem, if we assume 902 . n > 10241 log(4d/t) and take z = JJQ» /07 — 1, we also have

<|o—j/o—j 1y < 2o flord) s [d]) >1ot,

min

which leads to

mm

~ log(4d/t
P <||D1/2D1/2 IH 6 Og( / )) >1-—t
n

It follows that

||D—1/2ﬁ1/2 o IH2||D_1/2§1/2||2 + ||D_1/2ﬁ1/2 . IH2

2 2 2
< 1(251/ log(4d/t) <1 n 1(251/ /10g(4d/t)> n 1621/ [log(4d/t)
ol n ol n o2, n

min min min

with probability > 1 — ¢, and since for any x € [0,1/2] we have (1 + z) + < 5z/2, assuming o2, n >

mln
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1024v* log(4d/t), we obtain

4002 [log(4d/t)
2

min

HD71/2B1/2 _ I||2||D71/2ﬁ1/2||2 + HD71/2E1/2 _ 1”2 <

n

with probability > 1 — ¢. This allows to conclude that

= ~ ~ 400%  [log(8d/t 2 [log(d/t
||D71/2D1/2 _ I||2HD71/2D1/2”2 + ||D71/2D1/2 _ I||2 < gy Og(8 / ) < Cy l; Og( / )
g n g n

min min

with probability > 1 — /2, for a universal constant Cy > 0 sufficiently big. This implies that

1P = Pll

1 1
< | max
(j €[d]

Zﬂﬁj 003

1

8’1'(’7\]' 0i0;

1 ~
) | — z|2+\/&(max

2 s
op: i,j€[d]

> 122 + Vd (max

i,j€[d]

)wwm

LS Vd 5 A A
< 52 =S+ 5 (||D1/2D Y2 _[|,|DY2 D2, + |DY2D Y2 - ]||2) +
NG . . . ~
t5 (||D1/2D V2 —1|o|DY2DTV |y + | DVED T - f||2) 1% = Xl
2 d+log(4/t) d+log(4/t v dlog(d/t
§Q2< B4/Y) |, d+log(4/t)) | o v* o [dlog(d]0)
O min n n O min n

Lo 114 ( d+105(4/t)vd+lo§(4/t)> dlogéd/t)

O min

4
n min n

2 4
<0 Z ( d+log(1/t) \/d—HOf(l/t)) LGy v dlog(d/t)

min

n n n

4 d+log(1/t)  d+log(1/t dlog(d/t
+%Z( +@/Nmaﬂ> og(d/1)
with probability 1 — ¢, due to the fact that [|X|2 < v/2. O
Proof of Proposition 8. We aim at finding a random threshold C,(X;) depending on the first part of the
data X; such that Pg, (V(Eg) + ﬁg > Ca(Xl)) < «, and since

Py, (V(ag) YRy > ca(xl)) < Pp, (V(62) > Ca(X1)/2) + P, (EQ > ca(xl)) ,

we can control the first term as in Theorem 6, while for the second one it is sufficient to choose C, (X;) such

that
1

Py, (Ez > Ca(Xl)/Q) = P, ( d

(X 5P > ca(xl)/2> < /2.

Using Holder’s inequality for sequences of matrices, we have

1,50 & 1, 51 &
PHU <_d<XS(1)a Eé2)>3 > Ca(Xl)/2> < ]P)Ho (_d<XS(1)7 25(3) - ES>§ 2 Ca(Xl)/Q)
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< Py, (|(X$", £ - oo = dCa(1)/2)

< Pry (IR 1elIEE = Ssllos > dCal0)/2)
Thus, if we choose Cy(X]) := 26”)/(:8(1)”*75/d, with € > 0, it remains to choose € such that

Py (1557~ Sl > ¢) =Py (1o |58 = sl > ) < a2
This can be done again using Proposition 7, and the result follows. O

6.3 Proofs for Section 4.1

Proof of Theorem 9. For the d-cycle, our measure of consistency of the variances is

V(Es) =1 — min min agj.
jeldl se{{i-1,5}{s,5+1}}

We will show that testing
Hy:V(3s)=0 wvs. Hi(p):V(Zs) > p,

requires at least a separation of the order y/logd/n, and since T = V(02) + R(3s), the statement would
follow. Formally, referring to the same Pg(0) and Ps(p) defined in Section 4, this corresponds to assuming
that Yg is always compatible, and constructing prior distributions just on {V (¢2) = 0} and{V (63) > p}. We
construct a lower bound to show that the minimax separation in this case is at least c; \/m,

where ¢; > 0 is a universal constant. Let

(o ) o)

1 0 1 0
P] = N®n1 02, 7"'7N®nj 02, ’
0 1 0 1-9¢
1 1
0 1 0 1

for j € [d], and § > 0. It is clear that each P; lies in H;(J), and that

and

dP;
dTDé((iULla y1,1)7 ceey (331,n1 s yl,nl); (£C2,17 y2,1)> ceey (xd,nda yd,nd)

- H ;ex R, H ! ex d z2
IR OO IE R Wi A+ 072 P 2+ o) oty

h€[n;41]
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Now, using the same strategy outlined in Section 4, it is enough to control the Total Variation distance

d 2 d 2
Ly~ 1 E)!
- ) < \2 ,E
4TV{P0,dj_1PJ} S X P(),d P / dPO -1
dP;, dP;, dP;, dP;,
2dPy —
Z / dPo Z / dPO dP, d

]17]2 1 J1 J2=1

dP;, dP,
aPy, b

Now, it is easy to see that if jo ¢ {j1 — 1,j1,51 + 1}, then [

also when j, = j; £ 1, since, for jo = j; — 1 =: j — 1, we have

dP;, dP; . . . 5
2Py = [ (1= 8) 21— §2) /2 (1 4 §) /2 2
[ G Gam = [ sy 2y T e {oggysioan

1) )
2 T 2 7 2
. H ex"{21+6> 2(1_@%} 11 eXp{2<1+6>xﬁ+1’h}dP°

heln;al

1 1 (xj1n 0 Ti_1n
= ——————exp{ —— ’ dx;_q1dy.;_
/he[l;ll] 2m(1 - 9)1/2 2 <y] 1h> ( 15) (yj—l,h ! it
Ul (m5 0 (@in
exp{ —5 ' ’ dz;dy;
/,61;[7 2n(1 -8y 2 <yz:h> ( 0 5) \w) [
1 1 Tl o
Tit1h fE= Tj+1,h
% or(l+0)2 %P T2 drjirdy;yq,
/he[l;[-H] 277(14_5)1/2 2 (yj-&-l,h) < 0 1) (yj+1,h> ! ’

which is equal to 1. Similarly, if j; = jo = j,

dP;, dP;, “n; — § 5,
/dPO dPodP /(1 5™ (1+9) H exp{ 1_5yj7h H exp 1+6Ij+1"" dP,

hé€[n;] he[n;t1]

1 1 (x; r 1 0 s

seoasn | e () o ) () o
></ H iex 1 (x-j+1vh>T <i+§ 0) (%‘,h) d s d
he€[n;i1] 27 g 2 Yji+1,h 0 1 Yih J+10Y 541
T

= (1-6%)"/2(1 - 8?) nm/z/ e Fexp 7% (xj,h> (1 125> (xj h) oty

el n]] Yish 0 1=/ \Yin

1- Tjt1 Tz 0\ [z

X \/: 2 (yjjrrl:) <18 1) <yj:> dxji1dy ;g

hG [j41]

= (1—6%)7"/2(1 = §2) 7+ /2 = (1 — §2) " (i Hnara)/2,
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It follows that

d 2 d
1 dP;, dP;
WA i 3
j=1 @ e/ P AP
1 d
- @ Z IL]'1:j2(1 - 52)_(nj1+nj1+1)/2 + ﬂjﬁﬁjg
J1,J2=1
d 1
1= 2y (ytni+a)/2 _ Z
S d

J

Ul

4TV{P0,

Il
-
I
I

1
exp{—(n; +n;11)6%/2} — 7

M=

_1
=&
i

I
—

from which we see that TV{PO,%Z?:l Pj} < 1/2if 6 < \/2log(1+d)/(n; + nji1) for all j € [d]. The

above bound on the total variation distance demonstrates that we may choose § = /log(1 + d)/ min; n;,

and hence that we have
log(1 + d) }1/2

mlnj nj

0*25={

as claimed. O]

Proof of Proposition 10. We will prove the result using the dual characterisation, which allows expressing
R(Xs,) as
1
1— gsup{tr(Z) X eP N = = Y44, 55, — AY =5, 0}.

Suppose that [[{15, | p; 1 = 1. We will show that R(3g,,,) = R(3s,) by proving both R(Ss,,,) > R(Ss,)
and R(¥s,,,) < R(Xs,). As for the first of these, for every X optimal for X, ,, , we will show that ¥ = ¥4
is feasible for Xg,. Now, ¥ > 0 since L =0,and Xy = ... = Dag by definition of 3. As for s, —As, X =5 0,
observe that ¥g, contains exactly the first d matrices in Xg,, but Sy contains just d — 1 patterns of Xg,_, .
This is due to the fact that S; has {d, 1} in place of {d, d+ 1}, which prevents us from employing Proposition
4 (ii). Nonetheless, observe that il,d = id’dJ’,], due to the fact that ij’j+]_ = pj7j+1§~]11 = 43, for all
je{d+1,...,d+k}. Indeed, 5g,,, — As,,, > =s,,, 0 implies that

1o+ [ Su En -
+1 1 Zj’jJrl Y1 -
forall j € {d+1,...,d+k}, which can be satisfied if and only if ij7j+1 = :i:f]u = pj7j+1f]11, since we must
also have |§~]j,j+1\ < 31 in order to have & = 0. The fact that ij’jJrl = pj’jJrlSll forall j € {d+1,...,d+k}

implies that Var(X;11 — 3j41,j42Xj42) =0, for all j € {d,--- ,d+k — 1}, since Ag,,, > is compatible. By
induction, this gives Var(X 41 — H;‘IISH f]j,jHXl) = 0 by which

& 1 - 1 - .

Yid = g Xddl = Yadr1 = Bddi1-
, 241 I pjgn
j=d+1 j=d+1
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Since il,d = Sd’d+1, we know that g, , — Asdﬂ,i =544, 0 implies that g, — Ag, ¥ =5 0.

To show the reverse inequality, consider an optimal 3 for s, coming from the dual formulation above,

and define
$ . Y B
" \BT U/’
where
U - Uik
UZ:EH :
U -+ Uk

is such that U = U1, U;; = 1 for i € [k], U it1 = patidtit1 for i € [k — 1], Uy = Uy is either +1 or —1 to
make this (k — 1)-cycle completable, and the other entries are again +1 or —1 to make the cycle consistent;

and
Bi1 -+ DBig

BT .=
Bri -+ By

is such that B;; = 1, - Uy for i € [k],j € [d]. If such a ¥ is feasible for 3s,,,, then the result would follow
from the fact that R(¥s,,,) <1 —tr(2)/(d+k) =1-%;; = R(Zs,). The condition Sk —ASdMi =Sasr 0
is implied by ¥s, — AY =5, 0, which is satisfied by hypothesis, and (1 — ¥11)¥; ;413 = 0 for i € {d +

,d+ Kk — 1}, which is again satisfied since ¥1; € [0,1] and ¥y; ;413 = 0. Moreover, being a symmetric
block matrix, ¥ is positive semi-definite if and only if ¥ > 0, which is true by hypothesis, U — BTSTB = 0,
and (I —YX1)B = 0, where X is the Moore-Penrose inverse of .. As for the first of these last two conditions,
observe that the (k, h)-th entry of BTX1B is given by

(BTYSTB), = Ut X788 Uy = U Ui 27818 = Uy 2788,

where 3 is the first column of ¥.. What is left to prove is to check that 2TY%; = tr(XTXT%;) = 3y, and,
to this aim, we will use the limit characterisation of the pseudoinverse (see pag. 19 in Albert (1972)), which
allows writing > as limg_yo ZT(EET + 521)_1. With this in mind, and calling )\; the eigenvalues of X, and

v; the associated orthonormal eigenvectors,

tr(2Teie) = (2T 2T) = tr <hm (et 4620718 >

d
= lim tr (Z27 + 6*1) 7%, 2787 = lim tr (Z v; vT212T2T>

6—0 12 02
d 1 d
. T T T T, T T
= }%Z Wt Vv 208 ) = hm Z_ vjvj V;v; 2121)

Ai A
= hm Z Y |lvivl 212 = hm Z s lviv; Z)\ v1v5|3

j=1
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d d
: A3
=2 srygrlvavill = 2 Awh = Zu

i=1 i=1

The other condition can be checked easily using again the limit characterisation of X and the spectral
decomposition of ¥. This concludes the proof for the case H;lis 41 Pjj+1 = +1. On the other hand, if

H?ISH pjj+1 = —1, R(3s,,,) > R(Xs,) follows after noticing that, if 3 is optimal for ¥S,, 5, We must have
Yadi1 = —Xa1. As for R(%s,.,) < R(3s,), the proof follows the exact same line as the one above, with
the only exception that B;; should now be defined as —Xq; - U;; for i € [k], j € [d]. O

Proof of Example 4. Start by considering a 3-cycle. In the first case, the optimal ¥ of the dual representation
1
R(ng) =1- E sup{tr(E) NS 7)*, s — AY s 0,211 = Y99 = 233}

must be of the form

> 8 >
< > 8
> < >

for some A € [0,1] and some z,y € [—A, A] in order to satisfy 3g — AY >g 0. Furthermore, since det(X) =
—\(z — y)?, we must have x = y in order to satisfy X = 0. It follows that

R(Xs,) =1—sup{A €[0,1] : 1 — XA > max{|x — p1|, |z — pa|}, with x € [-), A]}
—inf{e € [0,1): ¢ > max{lz — | |2 — pal}, € < 1 — [a]}

— inf{max{|z — pu, & — pal} € [0, 1] : max{ |z — pul. & — pof} < 1— o}

which is equal to (cosfy — cosf;)/2. As for the second case with d = 3, setting p; = 1 in the above we see

that if
1 1 1 1 1
283: P ) 3 )
on 1)\ 1)\

then R(Xs,) = (1 —p1)/2 = (1 — cos61)/2 = sin?(#; /2). Plugging in 6; = 7 gives the sufficiency part of the
second statement. As for the necessity part, Proposition 12 (i) implies that it is necessary that |p;| = 1 for
all 7 € [d] for R to be 1. O

Proof of Proposition 11. It is easy to see that we can always transform the original d-cycle into a new one
where at most cos#; is negative by changing some X; into —X;. To see why, let § = (61, ...,64) be such
that 6; = 1{p; j+1 > 0}, and observe that, if §;_; = 0 and 6; = 1, changing the sign of X; corresponds to
switching ;_; with 6;. Hence, it is easy to see that we can switch signs to some variables in order to reach a
configuration of € in which all the zeros are at the beginning, and all the ones at the end. It is now sufficient
to couple the zeros starting from the end, and switch sign to make it both one, to get 8 = (61,14-1), where
61 = +1 if the number of original p; j+1 is even, and zero otherwise. As a by-product, this also shows that
we can always assume without loss of generality that at most cos6; is negative. Now, let Sg , be this new
d-cycle: what we want to show is that R(Xg,) = R(Xs,), and, in order to do so, we will show that we

can construct feasible X5 and ¥ for primal and dual problems of s , which lead to the same target values,
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using the optimal Xs and X for 3s,. Starting from the dual problem, let M be a diagonal matrix such that
M;; = —1 if X; was replaced with —X;, and 41 otherwise. Then, it is easy to see Y = MYM has the
same trace as X, and it is feasible for Xg .. indeed, ¥ = 0 since it has the same spectrum as 3, being similar

matrices, and Xg, — AY =g, 0 because for every j € [d] we have

S i1y =S = Voosy | Zig Zig+n
" e pi 1 Yjjel i1

_ 1 M;;Mji1 4105\ 2 M i Mji1j41%5,541
M; i M1 5+1p5 1 M; i Mji1,541%5541 Yit1+1

_ 13, MjMjs1e1(ps = %5)\
M; iMji1+1(p; — X5) 1—%j41,541 B

since |M;j ;M1 41(p5 —25)| = |p; — 2] <1—-3,; =1 =311 +1, due to the fact that X is feasible for
Ys. As for the primal problem, it is sufficient to define Xs = AM - X - AM, where - acts pointwise, which

essentially consists in changing the signs of the off-diagonal entries of Xg according to M. Let

¥ [T wjae e (% Tz Tj11 M;j i Mji1,j+1%512
Gty = | ‘ and Agjj+1y = | o - TN M Mt , ’
Tj21 Lj22 Lj21 Lj22 3,3 Mj+1,5+125,21 Lj,22

for all j € [d]. It is easy to show that Xj is feasible, and clearly leads to <X§, ig)g = (Xg, Xs)s since, for a

generic pattern j € [d], we have

- . Fi11 Fiio 1 p;
_ Js Js J
(X 2 = (| - ) A )
Tj2r Tjz2) \pj 1
y Tj11 M; i Mji1,j41%5,12 1 M; ;M1 jy1p; >
- )
M; ;Mjt1, 417521 522 M; i Mji1 j4+1p; 1
_ 2 2 2 2
=xj11 + @0 + M M7y @20 + MM 50250105

=Tj11 + Tj22 + X120 + Tj210;

Tj11 Tj12 1 pj
- < ! ) > = <X .,, ,E 47' >
Tj21 Tj22 p; 1 {d.3+1}> ={4.5+1}

This completes the proof. O

Proof of Proposition 12. (i) We may suppose without loss of generality that |p;| # 1 as, otherwise, we may
perform the reduction given in Proposition 10. Possibly, this reduces the d-cycle to a 3-cycle: if there are no
more correlations equal to £1, then we proceed, otherwise we know R exactly thanks to Example 4 and we

can check that the claim holds. Now, calling M; ;41 = cos ¢;, we have

1
A=1-— R(Eg) = Esup{tr(E) Y i 0,211 = ... = Edd,ES/ — AX ES’ O}
=sup{A\: M >=0,My1=...=Mgg=1,1—X>|p; — Acosy;]| for all i € [d]}
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1— p: 1 .
:sup{)\:/\gminmin{ Pi , t o },
i€[d] 1 —cosyp; 14 cosy;

Z%_ (IK|-1) 7T+Z(pz for all K C [d] with |K]| odd}.
€K iZK

Now, this implies that

1 .
— = inf< z : z > maxmax
)\*

1 —cosy; 1+ cosy;
i€[d] ’

L—pi * 14p

ng,_ (K| —1) 7T—|—Z(pl for all K C [d] with |K]| odd}.
i€EK [1°31¢

Calling g(p;) = (1 —cos;)/(1 — p;) and h(p;) = (1 + cose;)/(1 + p;) for all ¢ € [d], this is a linearly

constrained finite minimax problem (see Chapter 2 in Polak (2012)), namely

1 = min max max{g(y;), h(¢;)}
A* i€[d]

under the 2971 linear constraints

Z%_ |K|—17r—i—z:<pZ for all K C [d] with |K| odd,
icK €K

which is equivalent to
minimise z
subject to g(p;) < z for all i € [d],

h(p;) < z for all ¢ € [d],

> @i < (K- + > ¢ for all K C [d] with |K| odd.
ie K igK

As a result, every optimal solution (¢7,...,¢%5) must satisfy the Karush-Kuhn-Tucker (KKT) conditions
(see Chapter 5 of Boyd and Vandenberghe (2004), Chapter 28-30 of Rockafellar (1970))

Ai Aq . )
(4) ( - 1++Zi>51n%= Z MK — Z L, for all i € [d],

1=pi |K|odd |K|odd
€K icKe
(#1) Ay >0, g4 >0, for all ¢ € [d],
d
(i) > (N + Aagi) =1,
i=1

(iv)  Ni(g(pi) — max max{g(i), h(¢i)}) =0, for all i € [d],
(v)  Adti(h(ei) — max max{g(p;), h(¢i)}) = 0, for all i € [d],

(vi)  g(pi) < Eréz[id)](max{g(%),h(api)}), for all ¢ € [d],
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(vii)  h(p;) < rirel?(i)]( max{g(p;), h(p;)}), for all i € [d],

(viii) pr >0, for all K C [d] with |K| odd,

(iz) Y @i <(K|-1r+ > ¢ foral K C [d] with |K| odd,
i€EK igK

() pr | D> ei— (Kl=1)m =Y ;| =0, for all K C [d] with |K]| odd.
i€K igK

Now, observe that conditions (iv) and (v) imply that, for all ¢ € [d], either g(y;) or h(p;) reaches the
maximum, meaning that the minimal 1/A* is equal to this common value. Indeed, if the original d-cycle is
completable, this statement is trivial, since we must have |p; — cos ¢f| = 0. This is the only case in which

we can have
1—cosy; 14 cosy;

meaning that when the d-cycle is incompatible, then either max;c(q max{g(w;), h(¢i)} — g(¢i) > 0 or
max; (g max{g(e;), h(¢i)} — h(pi) > 0. Indeed, if R > 0, either \; or Agy; must be equal to zero since either
g(i) or h(p;) has a strictly positive gap from max;c(g max{g(yi), h(w:)}. If both A; = 0 and Aj14 = 0, we

Z KK = Z KK,

| K |odd |K |odd
ieK ieKe®

would have

which is a contradiction due to the fact that there exists a unique ux # 0. To prove the existence part,
observe that if px = 0 for all K C [d] with | K| odd, then we would have

I=pi 1+4p;

( Ai Aitd ) sing; =0

for all ¢ € [d], and since there exists at least a j such that A\; + Ag4; > 0 due to (iii), this would imply that
@; € {0, 7}, which leads to 6; € {0, 7}, which is excluded from our analysis. To prove the uniqueness part,
suppose there exists another [d] O M # K, with |M| odd, such that

Loei=(Kl=Dr+ > ¢

ieK igK
> e =(M[-Dr+ X ¢,
iEM igM

hence summing these equalities gives

2( Yooei— >, ¢i>=(|K|+|M—2)7T-

iEKNM iEKeNMe

Now, if we suppose that K¢ N M¢ = &, meaning that K U M = [d], it is easy to show that 2|K N M| <
|K| 4+ | M| —2. Indeed, |[K N M| < |K| A |M]|, with equality if and only if M C K (or viceversa): in this case
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we must have |K| > |M| + 2, otherwise they would be equal, hence 2|K N M| < 2(|K| A |M]) = 2|M| while
|K|4+|M|—-2 > |M|+2+4|M|—2 = 2|M]|. If the equality is not reached, 2| KNM| < 2(|K|A|M|-1) = 2|M|-2,
while |K|+ |M|—2 > |M|+ |M| — 2 = 2|M| — 2. This shows that 2|K N M| < |K|+ |M| — 2, which implies
that the equality above can be verified only if ¢; = 7 for all i € K N M, which is excluded from our analysis.
Furthermore, if K¢ N M # &, this is even worse unless p; = 0 for all : € KN M¢, which is again excluded
from our analysis. This completes the proof of the fact that for all i € [d], if R > 0, exactly one between \;

and Ag, is greater than zero. As a corollary, we have that the optimal (¢, ..., ¢}) satisfies
1—X*=|p; — X cos ]|, for all i € [d],

as required.
(ii) The primal set is strictly feasible, hence we know that R is attained in the dual set, which is enough

to prove existence. As for uniqueness, suppose there exists two optimal X1, X9 such that

S = AAD; + (1 - 2\)%
S = A ATy + (1 — AL,

This implies that for all € (0, 1)
Yg = N A(pE1 + (1= p)Ba) + (1= N) (g + (1 — p)Xg),

meaning that p¥; + (1 — p)X, is optimal. By the optimality of ¥; and ¥y we must have that X and 3¢
are maximally incompatible, which means they must all be singular, as stated in Example 4. Now, observe
that if there exists ¢ € [d] such that XY, ., # X7,

1 £(2u—1)
HE iy + (1= p) {{/z’,i+1} = (:t(2u .y 1 )
which means that uX§ + (1 — p)X¢ can never be maximally incompatible since ¢ € (0,1). This implies
that ¢ = 3¢, which in turn implies that ¢} = ¢35. As for the continuity of ¢*(1,...,64), observe that
1= X" =|p; — A" cos ]|, for all j € [d] in point (i) means that there exist {€; = £1}¢[q such that

1 — €. cos O
A= TG for all j € [d).

1 —€; cos ¢]

Now, let {0(") = (b1n,---, Hd’n)} o — 0 = (04,...,04), and consider the associated sequence of optimal

{cp’jb = (<p’1‘n,...,<p;;n)} , meaning that
’ ’ neN

N 1—¢jncosb;y

n

, forall j €[d].

. 2 (¥
1 —¢€jncoses,
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Taking the limit on both sides, since A\* is continuous due to Proposition 4 (ii), we get that

1+ cos b,

A= 1k cos (lim, o1 )

, forall j €[d].

This shows that the limit lim, ¢}, exists, and by uniqueness (i), we can conclude that lim, O = ¥
showing that ¢ is continuous.

As for (iii), supposing without loss of generality that ¢; = max;¢[q) 0, with at most 6; > /2, observe
that incompatibility is equivalent to having 6; — Zf:z 0; > 0, hence in order to make A\* as big as possible
we should choose p; = A" cos ¢f + (1 — \*) for all j € {2,...,d}, and py = A* cos ] — (1 — A*). This would
imply that the optimal choice of signs for a general d-cycle is e; = (—1,+1% ), and this turns out to be
true indeed. To see why, start by considering the case d = 3, and observe that from (ii) we know that there
exists a unique K C [3] with | K| odd such that

Z MK = Z MUK -

| K |odd | K |odd

€K ieKe
The possible values of K are {1},{2},{3} and {1,2,3}, and these are associated to the vectors of signs
(-1,1,1),(1,-1,1), (1,1,-1) and (—1,—1,—1), respectively. Hence, in order to prove the statement it is
necessary and sufficient to show that K = {1} leads to the optimal A*, meaning that A} > A5 and A} > Aj,

where
A 1+cosf; 1—costly 1 — cos B3
D7 14 cospr  1—cosgs 1 —cos(ph —@3)
A 1—cosf; 1+costly 1 — cos B3
27 1—cos@t  14cosps 1—cos(@s—¢@t)
« 1+costh  1+4costy 1+ cosfs

47 1+cos@t 14cos@gs 1+cos(2m — @t —@5)

Now, for A\] < A3 to be true it is necessary to have
cos(pf — ¢3) < cos(Pf — )

1—cos 6y

cos Py > 1 — trcoegt(1 + cosgy)

~x 1+cos 6 *
cos p3 < —1+4 5222 (1 — cos p3),

with (o3, 93), (87, $3) € [0,7]? that need to simultaneously satisfy

cos p3 = 1 — {7of2 (1 + cos pf) @i <01, @5 >0
and
cos @y =1 — 17558 (1 + cos ), @i >0, @5 <0,

to ensure R(Xs,) € [0,1]. This system of inequalities has no solution in (@7, @3) for fixed (¢7,¢3) and

47



01 > 65. The same reasoning shows that A} < A} can never be satisfied as well, showing that the optimal
choice of signs for d = 3 is indeed ez = (—1,+1,+1). For general d, it is sufficient to proceed by induction:
indeed, suppose that ¢; = (71,+1jT_1) for all j € {3,...,d — 1}, and consider \* = A\*(8,) as a function
of 84, for fixed 01,...,604—1. This function is continuous over [0,60; — 221:—21 0;), because is the restriction of
A* =1— R(Zs,), which is continuous by Proposition 4 (ii), onto the last coordinate. Now, A*(84) uniquely
identifies a vector of signs for varying 64 € [0,6; — 25;21 0,), call it €(04), taking values in {+1,—1}¢. This
vector is unique because we supposed the cycle to be incompatible, hence either g(p;) or h(y;) in the KKT
conditions has a strictly positive optimal gap, so that there exists a unique pux # 0. We will show that this
vector is constant for all 8,4 € [0, 6, — sz:_gl 0;), that is to say that each component of €(64) is continuous in
64 € 10,6, — Zf;; 0;). Indeed, consider without loss of generality the first component of €(;), and suppose
by contradiction that €(f4); is not continuous in f4. This implies that there exists a sequence of angles {64, }

converging to 04 such that

ngrfoo €(0an)1 = €im = —€(8a)1.
Without loss of generality, assume €}, = +1 and e(éd)l = —1. But we must have by continuity

Ltcosth _ 1—e(aicostr _ N(0g) = lm A (04,) = lim
1 + cos SOT 1— e(ed)l cos 80’1" n—-+oo o n—+oco 1 — G(Qd,n)l COS SDT,TL

1 — cos b, nBToo €(0a,n)1

1 —€(f4,n)1 cos by

1 — €3y cos 0 1 — cosb;

1l —emcospt 1 —cospl’

+oo

1—cos (ngm Lp}‘n> ngrfoo €(lan)1

where cos 7 ,, and cos @7 are the (1, 2)-th entries of the optimal matrix of the dual in 6, ,, and éd, respectively.

This implies that \* (éd) admits both representations, one with the plus sign, and one with the minus sign,

and this can happen only if the cycle is compatible, which cannot be the case for 6, € [0,0, — 25;21 6;)
since 6 > Z?:Q ;. This means that €(64); is continuous for all j € [d] for varying 4 € [0,6;, — Z?:_; 0:),

which implies that the vector €(64) is constant on [0, 6, — 27;21 0;), so that the behaviour of €(6;) is uniquely

determined by €(0). But we do know that
€(0) = (€a-1,€(0)a) = (=1, +13 5, €(0)a)

due to Proposition 10 and the induction step: this, together with the fact that €(0); = +1 in order to make
¥t maximally incompatible, completes the proof.
O

Proof of Proposition 13. We will prove the statement by induction, with base cases d = 3, and d = 4:

d = 3 Suppose without loss of generality that 6, 05 are bounded away from singularity. Also, assume without
loss of generality that 05,03 < 7/2, using Proposition 11, so that incompatibility means 6; > 65 + 0.
We will prove the base case
R(Xs,) 2 02 — 01 — 05.

by showing that

S 01 — 65 — 03 cos 05 — cos 01

R(ESB) - 61 _ 92 2 )
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and since cos s —cos 61 2. 01 — 65 being bounded away from singularity, the result would follow. Now,
fix arbitrary 60,0y satisfying the hypothesis of the statement, and suppose 6; — 65 < 7/2. Observe
that for 3 = 0 and 63 = 6, — 65 the lower bound is satisfied with equality sign due to Example 3 and
Barrett’s characterisation (6), respectively. Now, call

b —02—03

h= 01*92 ’

and observe that the thesis is equivalent to
. h
A Z].—R(Egd)§1—§(C0892—C0891),

Now, thanks to the KKT representation of the optimal A*, in order to have A* > 1—h(cos 3 —cosf;)/2

we must have

* cos 01+h(cos O —cos 61) /2
cos 91 < cos Y1 < 1—h(cosfz—cosb1)/2

* cos O —h(cos f2—cos 01)/2
cos 0y > cos P > 1—h(cosO2—cos01)/2

. L cos O3 —h(cos 02 —cos 01)/2
cos 3 > cos 3 > 1—h(cosOz—cosb1)/2

with ¢} = @3 + ¢35 due to Proposition 12 (iii). We see numerically that this system of inequalities
can never be satisfied for 83 € (0,0, — 62). Finally, taking into account all the possible ways in
which a generic 3-cycle can be reduced to a 3-cycle with at most one negative correlation, as stated in

Proposition 11, we get

R(ng) Z max(91 - 92 793,02 — 01 — 93,93 791 *92,91 +02 +93 727‘(‘).

Suppose without loss of generality that one of the two angles bounded away from singularity is 61,
with 61 > 0 + 03 + 04, and 02,05,04 € [0,7/2]. As shown in Figure 13, there are two possible cases:
the first one (on the left) is when the two angles bounded away from singularity are adjacent, and the

second one (on the right) when they are opposite to each other. We will use the following lemma:

Lemma 16. Consider the d-cycle with Sq = {{1,2},...,{d,1}} and X5, := (X1,2y, -+ , E{a,13). Then,
for every optimal ¥ of the dual problem, i.e. ¥s, = N*A¥X + (1 — )\*)Zéd, and for every d > 4,

R(st) > R(Bgd—l((b)) + R(ESS ((b))a V(b € [)‘*El7d—1 - R) A*Zl,d—l + R]a

where Bs, ,(¢) = (12}, s Bpa-2.d-1}, 2{a-1,1}(9))s Esy (@) = (Ega-1,a3> Sa1}> X{a-1,13(¢)) and
Yia-1,13(@) is the 2 X 2 correlation matriz with off-diagonal entries equal to ¢.

In the first case, suppose we add an edge between (2,4) with correlation cos(f3 + 64). We first show
that this is a valid choice of ¢ to invoke Proposition 16. In this regard, observe that R(Es,(¢)) =0
for all ¢ € [cos(04—1 + 04), cos(fg—1 — 04)], hence, since we proved R(Es, ,(A*¥1,4-1 4+ R)) =0 in the
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0 O;+0, |03 0 O34 6, |03

4 04 3 4 04 3

Figure 13: The two possible configurations of the two angles bounded away from singularity when d = 4. On the
left, the two angles are adjacent, while on the right they are opposite to each other.

proof of the lemma above, we must have cos(84_1 +64) < A*E; 4_1 + R. Similarly, cos(6; — Zf:_; 0;) >
A*%4 g—1 — R. This, together with the fact that cos(f; — Zf:_; ;) < cos(04—1+04) since 6; > 2?22 0;,
allows concluding that \*%; 41 — R < cos(#; — 27;22 0;) < cos(8g—1 +0q) < NE1 4.1+ R. Now,
Proposition 16 ensures that

R(61,02,05,04) > R(01,05,03 + 04),

and since 601, 0 are bounded away from singularity, we can employ the lower bound we found for d = 3,

and conclude

R(Ss,) > 01 — 03 — (05 + 04) cos Oy — 005917
0, — 0y 2

which gives the desired result. In the second case, we can proceed in the same way as before, and get

> 01 — 6y — (93 + 94) COS(93 + 94) — cos 0

R(¥s) 2 —5— (63 + 04) 2

Now, if sin?(f5 + 64) > ¢ we are done, otherwise, #; must be bounded away from singularity. Indeed,
since 03,60, € [0,7/2], and sin?(f3) > ¢ by hypothesis, in order to have sin®(fs + 64) < ¢ we must
have sin?6; > 1 — ¢. Now, since we can assume that ¢ is small enough, say ¢ < 1/2, we conclude
sin?6; > 1 — ¢ > ¢. This implies that 6, is bounded away from singularity, and since it is adjacent to

01, we can proceed as in the first case to get the desired result.

Suppose again without loss of generality that 6; is bounded away from singularity, and call §; the
other one. Now, since d > 5, we can find k # 1, j such that 0y, 851 are not necessarily assumed to be

bounded away from singularity. Then, proceeding as before, thanks to Proposition 16, we have
R(ela e aed) Z R(917 ey 9.’6—17 974) + Hkr-‘rla 67€+2a ey 9d>7
so that the induction step gives immediately that

R(01,...,0a) > R(01,...,0k—1,0k + Oky1,0k42,...,04)

d
> | 60— (Ok + Ory1) — Z 0, | = (91291'),
i—2

i#£1,5,k,k+1

where ¢’ is a constant depending on ¢ only. Finally, taking into account all the possible ways in
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which a generic d-cycle can be reduced to a d-cycle with at most one negative correlation, as stated in

Proposition 11, we get

where ¢ > 0 depends only on c.

O
Proof of Lemma 16. Suppose without loss of generality that 64 > 641, and that 61 = max;c(q 0;, with
O,...,0q0 <7/2. Let R = R(3s,), and let

S, = (1 — R)AS 4+ RYS = A*AX + (1 — \*)%

be a (not necessarily unique) dual representation of Xs,, and denote by £ 41 the entry (1,d —1) of £. We

will prove the statement in three steps:
1. R(Bs, ,(A*Z1,4-1 + R)) < R(Xs,) and R(Es,(A*X1 41 + R)) =0,
2. R(Es,(A*X1,4-1 — R)) < R(Xs,) and R(Bs, ,(A\*¥1,4-1 — R)) =0,
3. E(¢) :== R(Bs,_,(¢)) + R(Es,(¢)) is convex for all ¢ € [-1,1].
1. As for the fact that R(Es,(A\*X1 4-1 + R)) = 0 observe that

1 NE1a—1+R  pa
A'Es,(NE1qg1+R)—I3= [ NZ1 41+ R 1 pd—1 | =
Pd Pd—1 1
1 NSiaa+ R ANSia+R
[ M=+ R | NSg_1.q+ R
NSia+ R AN Sgoiat R 1

1 Zl’dfl El,d
= \* El,d—l 1 2d—l,d + (1 - Xk)
Y10 Yi-1d 1

)

— = =
—_ = =
— = =

where the second equality follows from the optimal choice of signs given in Proposition 12 (iii) under
the hypothesis 61 = max;cq 0;, with 6a,...,04 < 7/2. This implies R(Es,(A\*X1,4-1 + R)) = 0 since
A*Es, (A\*%4 g—1+ R)— I3, which is the 3 x 3 correlation matrix whose 2 x 2 marginals are precisely those
in Es, (A*X1 4-1 + R), is PSD being the sum of two PSD matrices. As for R(Bs,_,(A\*21,4-1 + R)) <
R(Xs,), observe that, if ¥, = A*AX + (1 — \*)¥g , then

BSd—l()\*ELd*l + R) = A*AEK—d) + (1 - )‘*) %g ’

d—1

where

T
%Sd*l = ( /{1,2}7--~7 l{d—l,d—2}71212)7
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which is maximally incompatible. To see why, observe that E’Sd is maximally incompatible by definition
of the dual representation, and since 61 = max;e[q) 0;, with 6, ...,0q < 7/2, Proposition 12 (iii) ensures
that

N5, = (—1217, 41,17, ..., +1,1]),

which leads to
Sh, = (=121, +1517, ..., +1513).

This shows that X|_g) is feasible for Bs, ,(A\*X; 41+ R), and implies that R(Bs, ,(A*¥1,4-1+R)) <
R(XZs,).

. The arguments in the proof above can be followed mutatis mutandis to show that R(Es,(A\*X1,4-1 —
R)) < R(Xs,) and R(Bs, ,(A\*X1,4-1 — R)) = 0.

. In order to show that R(Xs,) > R(Bs,_,(¢)) + R(Es,(4)),V¢ € I, we will make use of the fact that R

is convex and continuous, as stated in Proposition 4 (i) (ii), i.e.
R (uzg) +(1- u)zg)) < uR (2;”) +(1-wR (253) , for all p € [0,1].

Now, define

(1]

(¢) = R(Bs,_,(9)) + R(Eg,(¢)), for all ¢ € I =[-1,1].

It is easy to see that Z(¢) is convex in I since, for all ¢1, s € I, for all u € [0, 1],

E(ugn + (1= p)d2) = R(Bs,_, (up1 + (1 — p)d2) + R(Esy (ud1 + (1 — p)¢2))
= R(uBs, ,(¢1) + (1 — p)Bs,_, ($2)) + R(uEs, (61) + (1 — 1) sy (62))
< uR(Bs, (¢1)) + (1 = W) R(Bs,_, (¢2)) + pR(Es, (¢1)) + (1 — p)R(Es,(¢2))
= pE(d1) + (1 — p)E(¢2).

This, implies that, for all x € [0, 1],
R> uR(Bs, ,(\ a1~ R)+ (1 - w)R(Bs, ,(\"Sha s — R))

= UENS1ao1 — R) + (1 — g)2E(N a1 + R) > E(AV Sy g1 + 1 — 2uR)
=: E(¢) = R(Bs,_,(9)) + R(Es, (¢)),
for all ¢ € [\*E1 4—1 — R, A\*E1 4—1 + R], as claimed. For general angles (61,...,60y), it is sufficient to

perform the transformation outlined in Proposition 11, find ¢ and I as above, and perform the inverse

transformation.

As we can see from Figure 14, this reduction corresponds to adding an edge in correspondence to {1,d—1}, so

that the d-cycle g, is divided into two smaller cycles, Bs,(¢) of dimension d — 1, and Es,(¢) of dimension

3. The result ensures the possibility of adding a correlation p;,4-1 = ¢ for the edge {1,d — 1} to make

Bs,(¢) and Es,(¢) maximally compatible, or better, at least as compatible as the original d-cycle, since
R(3s,) 2 R(Bs,(9)) + R(Es,(9))- O
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Figure 14: Tlustration of Proposition 16. We split the original d-cycle into two smaller cycles, adding the extra edge
{1,d — 1} with associated correlation ¢. We end up with a (d — 1)-cycle Bs, ,(¢) in yellow, and a 3-cycle Es,(¢) in
blue, such that R(Zs,) > R(Bs,_,(#)) + R(Es;(¢)) for all ¢ € [\*E1,4-1 — R, A\"E1,4-1 + R].

6.4 Proofs for Section 4.2

Proof of Theorem 14. We prove the result by considering the two cases d > 42 and d < 42 separately. For
the first of these, as in the proof of Theorem 9, we focus on a proper subset of the testing problem: in this
case, we construct distributions with consistent sequences of covariance matrices, so that our hypotheses
reduce to statements about the compatibility of the associated sequences of correlation matrices. Formally,
we look at

Hy:R(Xs)=0 vs. Hi(p):R(Zs) > p,

for fixed p > 0, and we aim at finding the smallest of such p’s for which we can have non-trivial power.
Again, referring to the same Ps(0) and Ps(p) defined in Section 4, this corresponds to assuming that o2 is

always consistent, and constructing prior distributions just on {Ps : R(Xs) = 0} and{Ps : R(Xs) > p}. We

- Id P Id —-P Id BId
Y \er ) \—pr 1, )\, 1, ) [

and since R(3g) > 2 Z?Zl(U?(P) - %p by Proposition 15, it is sufficient to study the testing problems

specialise g to be

d d
Hy Z(ei)-i- <0 vs. Hi(p): Z(ai)-‘r >0,
j=1

Jj=1
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where 0; = 0]2-(P) — %, find the smallest p’ for which we have non-trivial power, and use the relationship
p = % p’. More precisely, focusing on the latter testing problem, we want to lower bound the minimax

testing risk

p*(ng,n) := inf {p >0:3ps€WUs: sup  Pp(ps=1)+ sup PS¥(ps =0) < n}
Ps 0€Ps(0) Ps 1 €Ps(p)
where Pg(0) = {Ps : (Corr(Fs), Var(Ps)) = (Zs, 1s) and R(3s) = 0}, Ps(p) = {Ps : (Corr(Ps), Var(Fs)) =
(3s,1s) and R(Xs) > p}, and Py is the set of sequence of tests coherent with S. To this aim, we start by
defining two prior distributions pg, u1 for P. First, there exist two measures v, v; with matching moments
up to the M-th order such that

L. supp (o) C [~b,0], supp (v1) C [=b,0] U {15z}

I ({gim}) > 3
L Vk € {0,1,...,M}: [zFuo( dz) = [ 2Fvi( dz).

This is proved in Juditsky and Nemirovski (2002) using ideas from the theory of best polynomial approxi-
mation. A different, but closely related version, was proved in Cai and Low (2011) using similar techniques.
Such prior distributions have been extensively used in the minimax literature in the last decade, and led
to optimal, or nearly-optimal, lower bounds in many problems of interest such as optimal estimation of
nonsmooth functionals (Cai and Low, 2011; Jiao et al., 2016; Thépaut and Verzelen, 2021), testing MCAR
in a fully nonparametric setting (Berrett and Samworth, 2023), and testing convex hypothesis (Blanchard
et al., 2018). Let U(d) denote the (normalised) Haar measure over the Lie group of orthogonal matrices
SO(d) = {U € R4 : UTU = UUT = I,}, and let vg,v; the distributions with matching moments up to
the order M defined above. Calling §; the Dirac measure in zero, we define p; to be the distribution of
P =UTAU, where U ~ U(d), and A = diag(cy.4), with o1.q ~ yl@[d/ﬂ ® 5?(d4d/2”, for ¢ € {0,1}. Observe
now that the support of y; also contains elements in (Pg(p))€. In order to overcome this, we will consider

the conditional measure p1|€, where £ is the event

d
d
5 = {Z IL{,u7<,:b/4M2} > 3} )

i=1

which ensures that u1|¢ is supported on the alternative. Now, given P, we use the shorthand

Iy P 1, -P 1, 1,
Ngme= Ngmep) = (e (o ) )oven (o e (o (11 Pl ) )
P Id —-P Id BId Id

The marginal distribution of the data when P is generated according to 1| is then given by the mixture

distribution
1, P 1, —P 1, 1,

By NE™ = | Epe N (0| 5 BN 0, S (N :
PT , -PT I, Bla Ig
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Similarly, the marginal distribution of the data when P is generated according to pu; is then given by the

mixture distribution

I, P I, -P I, BI
E, N&™ = [ E,, N®™ (o, VB, N€= (o, 1 vems (o, (T Pl )
P I -PT 1, Bl; Iy

for i € {0,1}. For every test sequence ys € U, and for prior distributions pug, 11|, we can bound the total

error probability as
R(ns,p') = sup Pg’gs(wg =1)4+ sup Pg’fs(gog =0)
Ps 0€Ps(0) Ps1€Ps(p)
> EMONngs((PS = 1) + EH1|§N§®HS(9@S = 0)
E. N ({ps =1} N¢)

=EuNg™(ps =1)+1 -

p1(§)
ns 10 n;
> By N (s =1)+1— g]EulNg “(ps = 1)
®ng 10 ®ns 1
ZEMOJ\TS (@S:1>+§EM1NS (@S:O)_g

2 EHONS®n§(90S =1)+ Elthéng(QDS =0)— ¢
1
>1—TV (B, N&™, B, NE™) — 5

The second inequality follows from Hoeffding’s inequality, which ensures that for all d > 42,

9
K1 (5) Z E?

since u1({b/4M?}) > 1/2 by II. This shows that it is now sufficient to control the total variation distance
between the marginals of Ng"g with respect to the unconditional priors pg, 1 by finding b/4M? such that
TV (E,, N&™,E,,, N&™) < 1/2 —1/9. This would imply that R(ng, p') > 1/2, and would lead to

, d b

P =3 ae

where the extra d/3 factor comes from conditioning on the event . Hence, let us now focus on controlling
TV (E, N, E,,, N&™). We have

TV (E,, NE™ B, NE™)

— ®mn1 Iy P ®na Iq —-pP ®mn3 Iq Bl
_TV{<E”°N (O’ (PT Lz))’E““N (O’ (—PT Lz))’N (0’ (M 1>>>
B, Nom (o (2 PV} g, veme (o[ o TP)) pem (o [ fa Pla
1 ) PT [d ) ) —PT Id ) ’ ﬁ[d Id
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Iy P 1 —-P
E, N®u |0, T, N® 0,
I, P I, P
®n ®n
S TV {]EHON 1 <0, <PT Id)) ’EMIN 1 <O7 (PT Id)) }
1 —-P 1y —-P
+TVIE, N®= |0, JE,, N 0, .

Dealing with such pg, 1 is not straightforward, due to the presence of the integrals with respect to the Haar
measure. Nonetheless, following similar ideas as in Thépaut and Verzelen (2021), we upper bound the total

variance distance above using the following two lemmata, where we suppose P to be symmetric.

Lemma 17. Let P be symmetric, with spectral decomposition P = UTAU. LetU(d) denote the (normalised)
Haar measure over the Lie group of orthogonal matrices SO(d) = {U € R4 : UTU = UUT = I}, and let
Vg, 1 the distributions with matching moments up to the order M defined above. Denote by u; the distribution
of UTAU, where U ~U(d), and A = diag(o1.q), with o1.q ~ y21/2 5?(d_[d/21). Then

3

Iy P Iy P
TV Euo N®n O, d aEul N®n O7 d
PT I, PT 1,
I T I Iod o/ T
< [d/21 TV { Bay d NO 05, | 2 "™ Er AN (05, ot T )
nuu Iq nmuu I

where T (resp. 1) is the distribution of nuu® (resp. n'u'u'T), where n ~ vy (resp. ' ~ vi) and u =
(ugr,05_4) (resp. v’ = (ul}y,0%_,)) is such that ug (resp u'y) is a uniform sample from the d'-dimensional
sphere S¥ =1 = {x e RY : ||x]|y = 1}, with d' =d +1 — [d/2].

Lemma 18. With the same notation as above, then

I T I Lol 0T
TVZ{ Ez, { N | 044, ¢ Bz, § N [ 024, ¢ G
nuuT [d n/u/u/T Id

< 3 (M e (ot otam —vany)

k=M+1

Applying these lemmata, it follows that

I, P Iy P
TV{E, N |0, JE,,N® |0,
I T I 1o, 1T
< [d/2] TV { Bz { N® [0gq, [ ¢ T JEry d NE™ [ 0gq, | 4 TR
nuuT Id n’u’u’T Id

<qar | S5 (M5 ew [ttt - ) |

k=M+1

where the first inequality comes from Lemma 17, and the second from Lemma 18. Here u; is the first
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coordinate of a uniform random vector in the d’-dimensional unit sphere, and vy, v, are the distributions
with matching moments up the order M defined above. Now, observe that u? 4 Z2/ Z?Zl Z? where
Z; K N(0,1), due to the fact that the standard normal distribution is isotropic. Hence u2 ~ Beta(%52, 1)

7 12
since if X ~ x?(a) and Y ~ x?(B) are independent, then XLW ~ Beta (O‘ ﬁ). It follows that

202
12k(1 — 2) 52 Ugk=3(1 _ )45t -1
E[ut"] :/ w d/_tlb >1 : du:/ A d/_ij); dv
-1 B( P} 7§) 0 B( 2 75)
B(tztk+3) Th+3) T(%)
B(%F1.3) L(3) T(F+k)
Moreover
2 2
k 2k
([ #ntem —watan)) < (o (14 ) ) <
If we choose b? = %, we have

S (M Ve ([ bt - )

< (k+n-1N\Tk+31) D&
=4 Z < n—1 > I‘(%)Q r(%ik)bk

_, N Dkt
- 4k:§+1 L'k + 1)F(%) F(% +k) [(n) 4knk
gy Tty (GITHMm4 L
- k=M+1 F(kJrl)F(%) F(% + k) nkT(n) 2k
oo (%,)kr<%> F(n+k) —k Co—(M+1) _ o—(M—1)
: 4k:§+1 F(% +k) n*T(n) 2osd =2 :

The second inequality follows from the fact that S k+3) < 1, while the third one follows from the fact

(k+1)0(35)
that

Indeed, writing 1) for the digamma function, the function 2 — log % has derivative ¥ (a)—(a+k)+k/a >

0, and is therefore increasing. Thus, whenever n > d/2 > d’/2 the inequality follows. Summing up, if we set
b/AM? = d/{4(n1 A nz2)}, we have that

I, P I P
TV (B, N&™, B, N&™) < TV {EN (0’ (Pi z)) B <“’ (PdT 1>> }
Id -P Id -P
®n @n
+TV{EMN 2 (0, (‘PT Id>>,EMN 2 (0’ (‘PT Id>> }
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M-—1 M-—1
)

<2[d/2]2777 < (d+1)27 =
which is upper bounded by 1/2 — 1/9 if and only if

log(d + 1) — log(1/2 — 1/9)

M >2
- log 2

+ 1.

Hence, this shows that
b S d
4M? >\ (ny Ang)loghd

U

is sufficient to have TV (E#ON§®"§,E#1N§®"S) < 1/2 —1/9, which implies that R(ng, p’') = R(ns, 541\%) >
1/2. This allows us to conclude that

s S b d
4 (n1 Amng)log™d

We finally turn to the simpler case d < 42. It is sufficient to work as in the proof of Theorem 9, and

show that testing the consistency of the variances represents the essential difficulty of the problem. More

precisely, we will show that testing
Hy : V(ZS) =0 VS. Hl(p) : V(Eg) > p,

requires at least a separation of the order y/1/(n1 A ns), and since T = V(03) + R(Zs), the statement will
follow. To this aim, we bound the total error probability by choosing

P = (N®™ (024, I2a), N®" (024, I24), N (024, I2a)) € Ps(0),
and
PSP = (N®™ (024, diag(1+6,1...,1)), N2 (0gq, diag(1 — 6,1...,1)), N¥"3(044, I5a)) € Ps(d).
We have

R(ng,d) = inf{ sup ngs((p -S=1)+ sup Pg’lns(gp —-S=0)

SR
#s (P 0€Ps(0) P51 €Ps(6) , ,

> (1= TV(N®" (024, I24), N¥™ (0aq, diag(1 +6,1...,1))) —

| = o~ S

+ (1 — TV(N®H2 (Ogd, Igd), N®nz (Ogd, diag(l — 6, 1..., 1))) —

NOW, if PO = Z\[(Xm1 (02,17 Igd), Pl = ]V(Xm1 (Ozd, dlag(l + (5, 1... 5 1)),

2
4TV(Py, P)? < x*(Py, Py) = / <) dPy —1
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2
1 "1 5,
- (1+5)m/(il:[lexp{z(lw)xﬂ}) aho—1
1+5 /H { 5“““}6”30_1
1+5n1/H (2m)~ exp{—;delag(g 1) m}dm—l

:( _62)—111/2 _ S en1§ /2 _1

)

from which we see that TV (P, P;) < 1/4 if 6 < /2log(5/4)/ny. The same holds true for Qo =
N®"2(0q4, I54), Q1 := N®"2(044,diag(1 — §,1...,1)), which shows that R(ng,d) > 1/2if § = 2log(5/4)

niAng

The above bound on the total variation distance demonstrates that we may choose § = /2log(5/4)/n1 A na,

and hence that we have
2log(5/4)
ni Ang

as claimed. O

Proof of Lemma 17. Let ¢(z) denote the density of the d-dimensional Gaussian law with respect to the

Lebesgue measure. By the triangle inequality we have that
I, UTAU I,  UTAU
TV E N | 0g4, JEL S NO™ [ 0qy,
[d/2]-1 T T
Iy U"AU Iy U'AU
< TV E, { N | 0gq, JE NO | 044, ,

where ; is distribution of UTAU, where U ~ U(d) is common for all 7;, while A = diag(c1.4), with
O1.q ~ Vgg((d/z]*j) ® Z/?j ® 583)“1/%, for j € {0,...,[d/2] — 1}. Observe that mo = po and 71427 = p1, S0
that this inequality essentially interpolates pg and pq with [d/2] intermediate measures such that, for every
j€{0,...,[d/2] — 1}, m; differs from m;;, only for the distribution of o; in A. Now, consider a generic
j€{0,...,[d/2] — 1} and define S :={1,...,[d/2] —j—1,[d/2] —j+1,...,[d/2]}. We will show that we

can bound each term of the summation above by

I T I I 1T
TV Eﬁ'o N®n 02d7 ¢ e 7]E7~r1 N®n 02d7 ¢ e 5
nuu® 1 n'uw'u'" 1,

with 7o, 71 defined in the statement, and this would conclude the proof. To this aim, observe that if

X I TA
~N 02d7 ¢ v v )
Y UTAU Iy
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then
XY ~ N(UTAUY, I;— UTAZU)

Y ~ N(0g,1,).

This allows us to write
I UTAU I UTAU
TVo =TV Er { N¥" (0ga, | ° oy SNO (000, (0"
! UTAU 1 ! UTAU 1
= / [T#)
=1

—Enjyy {H I —UTAU |7V 2p((I - UTAU) 2 (2 — UTAin))}

i=1

E, {H [T —UTA2U|7Y20((1 — UTAN2U) V2 (2 — UTAin))}
=1

dxdy,

where dr = dx; ...dzx,, and similarly for dy. Now, let Ug be the restriction of U to its columns in S.
By definition of 7; (resp. mj11), we can write UTAU as UTAU = nuu® + U diag(o_;)Us where o_; ~
yg@([d/ﬂ D @6, ® v @ 58%_ [4/2] " \where &) is the Dirac measure in 0. Write 7 for the distribution of
(Us,diag (0—;)) and fo (resp. f1) for the conditional distribution of (u,n) given (Ug,diag(o_;)): this is
given by 1 ~ vy (resp. v1), while u|Usg is sampled uniformly from S~ N Ug, i.e. the intersection between
the d-dimensional unit sphere S~! := {z € R? : ||z|| = 1} and the orthogonal complement of the columns
spanned by Us. First, observe that dim(S?%! NUZ) = d + 1 — [d/2]. Secondly, observe that for every

measurable function h,

BNP) = [ WP)mi(dP) = [ 1) foldu dnyr (@Us, dor)

and similarly for 7; ;. This allows to bound the TV distance above one step further as

TV, < /E[tp(yi)

_ /H |I _ U/TA/QU/rl/QQO((I _ U/TA/ZU/)—l/Q(xi _ U’TA'U’yi)fl(du', dn/)
i=1

/H [T —UTA2U|7Y20((I = UTA2U) Y2 (2 — UT AU;) fo(du, dn)
=1

7 (dUsg, do_;) dzdy

-/ me( / \ J T = U A0 (1 = U AU 2 = UT AU ol i)
i=1 =1

— /H [T — UTAN?U |7V 2((I = U'T AU Y2 (2 — U'TN U ) f1(du, dy) dm)w (dUs, do ;) dy,
=1

where in the first step we used Jensen’s inequality, bringing the common 7 outside the absolute value, while

in the last step we used Fubini-Tonelli theorem with positive integrand. Consider now the innermost integral

S| [TLir = 078201 201 = 0 320) 20, = U AU o
i=1
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_/H|I_UITA/2U/|—1/2 ((I_UITAI2U/) 1/2( U/TA/U/yZ)fl(du d’l])d

/’/HU UTA’U ul~ 1z e(( —UTAQU)_UQ(%—UUUT%—Zakukugyi)fo(du’dﬁ)

k£

_ I — UITAIQU/ _1/280 I_UITAI2UI —1/2 nlulu/Ty _ JkukpuTyi fl dul7d77/ dx
k

=y

for fixed Ug, 0_;,y. This can be simplified to
/ ‘ / [T 17— U AU 2 ((1 — U A20) 2 (o)) (s, i)
i=1
— /f[ [T =UTAN?U |7 (I = U AU )2 (@ — nfula T ys)) fo(dd, diy )| dae
after the change of variable @; = x; — 7, oruruly;, for all i € [n]. Now, observe that, under fy, we have

(I —-UTAU)/2 =

uu + Z
\ 175]

which yields
11— UTA?U|~Y2 =

V1—1? H\/l—U

i#]

similarly under for (I —U'TA”2U’)~Y/2 under 7, with 7/, %’ in place of 5, u. Perform the change of variables

1/2
z, = |1 — Zazukug Ziy
k#j
for all ¢ € [n], whose Jacobian is
1/2
n n

HI—Zokukuk :H 1/1—0%
i=1 k#j i=1k#j

We get

/‘ /1:[ \/17_7772@ ZWWT + ﬁUuT Zi — %MUUT% fo(du,dn)

i
Zulu T zifniu'u’Tyi fi(du',dn')|dx

S (| —E

:/’/ﬁ\/ll—irﬁw Zuu +F (2 — nuu’y;) | foldu, dn)

=1



n
1 1
- /H ——¢ ZuzulT + — u'u'T | (2 — T y) | fi(du,dn)
i=1 -

Vi-w? it Vi-n?
: 1 —1/2
N / ‘ /11:[1 \/17_7772('0 ((I B TIQUUT) (2 — nuuTyi)> fo(du,dn)
- /1:[1 \/11W('0 ((I N nlguI“/T)ﬂm (2 — ﬁ/ulu'Tyi)) fi(du', dn")

= / ’ /H ’I — n2uuT‘71/2 © ((I — nguuT)71/2 (z; — nuuTyi)) fo(du, dn)
i=1

dx

dzx

n
_ /H |I _ n/2u/u/T|—1/2 o ((I . T}lQUIUIT)_l/Q (2 — U/U/U/Tyi)) fi(d, dn)|da
=1

=TV {Efo{N E(puu”y, I — (puu”) (nuu™) ")}, Ep AN (n'u'u' "y, T — (n’U’U'T)(n'U’U'T)T)}}-

Coming back to the initial TV distance we wish to bound, we get that

I TA I TA
TVIE, { N® [ 04y, a UAU By A N®™ {024, a UTAU
’ UTAU Iy ’ UTAU I
< / TV {Efo{N‘@"(nuuTy,I — (nuu®) (nuu™) )} B gy {NE" (n'u'u"y, T - (n’u’u’T>(n’U’u’T)T)}}

o(y)m (dUs,do—;) dy

n I;  nuu® o Iy n'u'u'T
= /TV {Efo {N® <O2da (nuuT Id >> } 7]Ef1 {N® <02d7 (n/u/u/T Id W(dUS,dO'_j)
I T I Lo o 1T
=TV Efm N®n 02d7 ¢ e »Efu N®n 02da ¢ G )
nuu’ I n'u'u'" 14

where 7o (resp. 1) is the distribution of nuu® (resp. n'u'u'"), where n ~ vy (resp. 1’ ~ v;) and u

(resp. ') is sampled uniformly from a d’-dimensional unit sphere embedded in RY, with d’ = d+ 1 — [d/2].
Now, since the Gaussian distribution is invariant under orthogonal transformation, we might assume that

u = (ug,0} ), with ug uniformly sampled from the d’-dimensional sphere S¥ =1, and the result follows. [J

Proof of Lemma 18. Consider

/f[@(yi)

and observe that

/H \/11_777290 ((I — UQuUT)_l/Q (2 — nuuTyi)> [o(du, dn) — 71 (du, dn)]|dzdy,

=1

Hence,

_ 1
%) ((I — 772uuT) 1/2 (z — nuuTyl-)) = (27‘()7% exp {2(2Z — nuuTy)T (I + T iU 2uuT> (zi — nuuTyi)}
-n
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2 1 1
Tz — STyl = o

n T, T

3
0zl uuTy; + ﬁ o leuuTyl}

1
= (27T)_g exp {—;ziTzi - %1 i2172 2Tuu” 2 — %1 22772 yluuTy; + . —77772 Z;TUuTyZ}
= ¢(z;) exp {; - i2772 2l uu 2 — %1 22772 yluuTy; + . _77772 zzTuuTyz}
= ¢(2;) exp _;<<_1122772§LZZT _117;;727?:) ’ (Z) <Z> T> =1 ¢(2:)9(n,u, 2, Yi).
—n -
Hence,

/ 11 % o (1= Pu®) ™ (21— ) ) [oldu, ) — 7 (du, d)] | ddy

TVy = /f[w(yi)
- [T eteetw
/f[@( o(yi [/H 9, u, 25, i) [To(du, dn) — 71 (du, dn)]} dedy,

dzdy

/ H 90,1, 2, 32) [oldu, diy) — 7 (du, d)

IN

where we used Cauchy-Schwartz inequality in the last step. Thus, it follows that

v < [Tetoe 3 3 1t

k=0,17=0,1

<//H \/1_7\/7/2 777“ Zzayz)g(n/uu/yZi7yi)7}k(du7dn)ﬁj(dul7dnl)> dZdy
Z Z( k+]// —n/2(1 _ y2y=n/2

k=0,1=0,1

(/Hg(nyu,Zmyi)g(n’,uﬂzi,yi)so(zi)w(yi)dzdy> 7k (du, dn)7;(du’, dn’)
i=1
Z Z( k+]// —n/2(1 _ y2y=n/2

k=0,1=0,1

(H / 9(7% U, Z4, yi)g(nlv ulv Ziy yl)@('zl)@(yl)d'zld:%) 7~Tk (dua dn)ﬁj (dulv dn/)v
=1

where in the second equality we used Fubini-Tonelli’s theorem to change the order of integration, and Fubini’s

theorem to factorise independent integrands in the last one. Let us consider a generic
[ ot 1,090 o 25 ) ) i,
bearing in mind that v = (ug,05_,),u" = (ul,,0%_,), with ug,u’, being independent and uniform samples
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from the d’-dimensional unit sphere, where d' = d + 1 — [d/2]. We have

/g(n,w 2, yi)g(n' ' 2, yi) (2 ) (i) dzidy;

2
1 S Ry T A—
:/ (2m) Yexpq —S ([ 7 T +
P/ — Ry = suul

1-n

2 2 ’ T
T 1,,0T T 1, 0T
_ [ 1< I+ puu’ + hmzu'u™ —5 "nﬂw - 71_”@,2uu zi\ [z >
- 0 exp 9 _n T _ . n _1.T I T 7 10T | . )
T—n2 uy 1—n’2 U U d + 02 uy 1—n’? wu Yi Yi

T
_. /(zw)*dexp _%u{, (;) (;) )b = K|,

Now K takes the form

T n T 0 1T
= <Id—|— 2uu —1—1 n,zuu —1= 772uu i z,Quu >

’
nzuuT 17771 w'u'T I+ 5 2UUT '/ T

1—n 1—-n

It is straightforward to show that

(1= (u™u)?n)* ¢ (1—uiny')®
1=m)1-7?) Q-0 -n?)

but, since it requires some lengthy algebraic computations, we defer its proof to Lemma 19 below. Now, it
follows that

TVE< > Y (-1 ’“”//1— R -y

k=0,1=0,1

<H/g(n,u7zz-,yi)g(n’,u’,zi,yi)w(Zi)w(yi)dzidyi> i (du, dn)7; (du’, dn’)
=1

S 0 [ [y ) R R s d) Ry iy

K| =

k=0,1j=0,1
. 1
_ (71)k+J //7ﬁk(du,dn)ﬁ(dulvd7)/)
kgl j;l (1 — u%nnl)n J
E Tt pra—
h=0k=0,1 j= "

2

:i(ﬂn” ) 2] ( / nk[uo<dn)—u1<dn>]>
> (frm e ([ wetan - vl(dn)])2,

k=M+1
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since vg, V1 share the first M moments. O

Lemma 19. Let

2 /2 ’
T 1, 1T T 1,01
K_<Id+1"n2uu + e —uut — ' )
- b

2 ’
n 2uuT Ylnzulu/T Id+ 177 T E - u/u/T

1—n 1

where u,u’ are d-dimensional unit vectors. Then,

(1= Ty
K=" Tmma e

Proof. Let a =n/(1—n?),a' =0?/(1=n"?),8=-n/(1 —=n?), 8" = —n'/(1 —n"?). We aim at finding | K],

where

o Id—|—ozuuT—|-o/ / /T 6uuT_|_B/ / /T
Buu® + Bu'u'T I+ avuTou'u'T |

First, observe that by Schur’s complement

///T

|K| = |Iq + cun” + o'u

Id—l—auu + a'u'u/'T (b’uu +B/ / /T) (Id—l—auu + o'y /T) (5uu +ﬁ/ / /T) ,

and that we may assume without loss of generality that v’ = e;. Indeed, let R be any orthogonal matrix in
R%4 and consider Ru, Ru’ in place of u,u’ respectively. Then
RT

I; + aRuu RT + o/ Ru/u'TRT I;+ auwu” 4+ o/u/u'"

— ‘R(Id—i—auu + o/u'vT)RT

I+ auu + o'u/'u/'7|,

and it is easy to check that the same happens for

I+ aRuu R + o/ Ru/'v'TRT

— (6RuuTRT + ﬂ’Ru’u'TRT) (Id + aRuu” RT + O/Ru'u’TRT)_1 (5RuuTRT + ﬂ'Ru’u'TRT) .

This is not necessary for the proof, but it helps with the notation, and also explains why u” ' 4 u1 when u

and u’ are sampled as described when we apply the result. Now, for all a,a’ € R,

/!

—1 « (6]
(I+ auu® + o/elelT) =71-— ——uuT — —ejel +
L+a- 357 L+a = 3552
oy o a T, o o
7 e1u Y 7 uey ,
1+a 1+oz—1‘3_‘~_°‘a7 1+a1+a/_10_t~_aa/72 1
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where v = e u, and

I+auu” +d'eref — (Buu” + Bere]) (I +auu’ + cu’eleip)71 (Buu™ + B'ere])

2,212
:I—&—%(uuTA—ele

T anm
1 — 2292

- 7(eluT + ue

1)
1 — 42292

Calling = = (v?n*n'?)/(1 — v*n?n’?) and ¢ = vy, we thus have

|K| = Iz + auu® 4 o’e el

Y/ _
Id+xuuT+xelelT—£ u e ( el )‘
VAT

In order to compute these determinants, we will repeatedly make use of the fact that, if A is an invertible

n X n matrix, U,V are n X m matrices, then

|A +wu”| = |L, + VTATIU|| A
If A= 1I,, this is commonly referred as the Weinstein—Aronszajn identity. Now,
I+ auu®

I+ auu” +d'ejel

‘1 + /el (I - auu® /(14 a))e;

/
=(1+a) (1—!—0/— ad 72>,

and

1Y/ _
Id—&—:ruuT—l—acelef—f u e ( é )’
T

I+ zuu’ + xele{

|
I—$< ‘1 )(Id—l—xuuT—i—a:elelT)_l u e ’

C _ u _
|
(1+ )(1+ SL‘Q 2)1 r [— e —
= T T — - =
].“Fil"y C J— u JE—
) PR e —— P s [
- (uu e e u e u e
Lo — 5572 T e T 2y | |1 AN |1
Cta)se Dyl E0 2y nEyh) S+ n( ) +2m)
1+ —214n(1+9%)+2m7) 1= 2(y+2ny+(1+9%)

where 1 = —z/(1 + = — 1‘/’%72), 7o = yx71 /(1 + x). Putting all the pieces together,

/

o £E2
Kl=(1 1+a — 2) 1 1 — 2
|K| = ( +a)< +« 1+a7>( +x)< +x 1—1—1:7

x ((1 — SO 2my ) - SR ) +2m))2) ,
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and substituting the expressions of a, o/, z, ¢, 71, 72 as functions of 1,7,y gives

_ 0 W)
N

as claimed. O]

Proof of Proposition 15. We start by proving the first statement. Since Yg is consistent, we have that

I P -P
Y5 is compatible if and only if pPT I, BI;| =0
—PT Bl 14
I 1 rr'p -—pPTp
if and only if a Pl - =0,
Blg I —-pPTp pPTp

where the second equivalence follows by standard properties of Schur complements. However, we can see

that
T
. { x { 1y, Bl pTp —pPTpP } x d}
inf — rx,y €R
Yy Bly I -pPTp PTp Y
inf{ ||z — g3 +2(1 + B)z"y — || P(x — y) |5 : 7,y € R}

inf {[[v][3 +2(1 + B)(v + )"y — | Pvll3 : v,y € R}

1—
inf{2ﬁ||v|g —vTPTPy:ve Rd}

. inf{<126 _ ||P§)v2 v [o,oo)},

where the third equality follows on noting that the minimising choice of y is given by —v/2. It is now clear
that Yg is compatible if and only if ||P||2 < (1 — 3)/2, as claimed.

As for the second part of the statement, let v1,...,vq the orthonormal eigenvectors or PT P with eigen-
values Ay > ... > Ay, and let L be the maximal [ such that A\; > (1 — $8)/2. For | € [L], define

<O _ ¢ 2Pvvf PT —2Pvvf 2Pv vl PT 2Pvvf vl /2 —vf
s 4 —2vv] PT vpwl)2 ’ 200 PT vl /2 ’ —vv! vl /2 ’

with 0 < ¢ < 5/6 + /73/6, and define Xg = Zle Xs(l). We first show that Xgs is a feasible solution for our

primal optimisation problem. We have

I 4PvlvaT —2PvlvlT 2Pvl'v;f . [2Pv; 2Pv;
c c
A*Xg = 1 E 72’01’UlTPT vl'vlT fvl'vlT =1 g —y - =0,
=1\ 2vp0] PT —vvf vl =1\ v;
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and since X\* = 5 (L2, Tad, Ioa),

_C(ZIL:1 vl ) PT Ia+ % ZzL:1 vv]
(Id + CP(Zlel vw!)PT Jrcp(ZlL:l vlv?)) (Id + 3 Zlel v —§ ZIL=1 vl ))

L L L L
+e(Xiy vl"’zT)PT Io+$300 "’l"’lT —52 ”l'”zT Io+$300 ’Ulva

1((Ii+cP(XF pPT  —cP(3F T
XS+XS(O):2<<d+C (S o )PT —eP(Si o]

It remains to show that Xg + Xéo) =s 0. Now, as for the first component of Xg + XS(O), observe that the
bottom-right block

L
C
I+ Z;vlv? =0,

and it is invertible due to the fact that ||c Zle vivl /4|2 < ¢/4 < 1, since the v;’s are orthonormal. The

inverse is

/N
<
+
=~ |
I
g
i~
=~
~
L
\
/
&

\
/T\
=~ 0
g
S
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 N———
L

Il
(]2

|

=

>
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~] 0
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=1 k=0 =1
%) k L e’}
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k=1 =1 =1 k=1
L . 1 L
—Id+<;vlvl><1+c/41>—Idc+4;vlvl,

where the fourth equality comes from the fact that Zle vv}] is idempotent again by the orthonormality of
the v;’s. Hence, the first component of Xg + XS(O) is positive semidefinite if and only if

L L L L
T T 2 T c T T T
I;+ cP < g Vv ) PY =c°P ( E vv; ) (Id “Ite lg_l vv; ) (lg_l Vv > P,

=1 =1

which is equivalent to

4¢? L T T 4¢? L T ’ T
Id><4+c—C)P ;vlvl P :<4+C—C>P zvlvl P,

2
which is satisfied if and only if 4¢2/(4 + ¢) — ¢ < 1, due to the fact that [P (Zle vlv?) PT|, =

I1P (Zle ’Ul’UZT) |2 < 1 again by orthonormality. This implies that the first component of Xg + XSEO) s is
PSD if and only if 0 < ¢ < 5/6++/73/6, and of course the same is true for the second component of X§+XS(O).

As for the third component, using an analogous idea, it is easy to show that it is positive semidefinite if and

only if

02 C =
= (155 §) el
=1
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which is satisfied if and only if 0 < ¢ < 4. Summing up, this shows that X is feasible for 0 < ¢ < 5/6++/73/6,

and leads to

. (2P, I, P -P\ [2Pv
C
R(Es) Z _ﬁ —U; P Id ﬂfd —U;
=1\ o —PTpI; Iy v
L
c 1-0 c 1-p
£ () 50
d
c sy 18 3 sy 18
— X (e -15E) = B> (e - ,
since 5/6 + v/73/6 > 9/4. O
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Appendices

Appendix A contains further properties of our measure of incompatibility R that were not investigated
in the main body of the text. Appendix B contains another oracle test based on a different measure of
incompatibility, which acts on covariance matrices normalised in such a way to have fixed scale. Appendix
C contains auxiliary results in Semi-definite Programming, while classical tail bounds are contained in

Appendix D.

Appendix A Further properties of R(-)

We analyse two further examples, where the missingness patterns S is more complex. These examples are
interesting per se, but we have decided not to include them in the main body because they would have
disrupted the flow of the presentation. We start from the case where we observe all possible patterns of

cardinality d — 1, and nothing else.

Example 5. Consider the set of patterns S = {S_1),---,S(—q)}, with d > 2, where S_; = {1,...,i —

1,i4+1,...,d}. We show how R(Xg) can be lower-bounded by the mazimal inconsistency, or, more precisely,

) _ 0| o,

1
R(Xs) > 5 Mmax max pi;” = pij

i>j7 k>h
k,h#i,j

where pgf) is the correlation between X; and X for the pattern S(_yy, for k € [d] \ {i,j}.

(k) (h

Proof of Example 5. In order to prove the statement, suppose the maximum is |P¢j — pij)|7 and consider

Xs =dYs — XS(O), where Xéo) = ﬁ(fd—h ooy Ig—1) and

Ys=(0,..., Ay ,0,...,0, Ay ,0,...,0),
~— —~~

h k
with
(Ar); s = /4 if (4,9) € {(4,9), (7, 4), (4,4), (4, 9) }
1)i; =
! 0  otherwise,
and

/4 it (3,5) € {(,1), (5,9)}
(A2)i5 = -1/4 i (i,7) € {(5.9), (G.9)}

0 otherwise.
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Then, provided Xg is feasible, we get precisely that

1 1 (k) _ (h)
R(3s) 2 —5(Xs, Xg)s = 5 max max [p;;" — pj;|.
k,h#i,j
All is left to prove is that Xg is indeed feasible: Xg + XS(O) = dYs =5 0, and A*Xg is diagonal with trace
zero, hence we can choose Y = —A*Xgs € ) in the primal characterisation so that A*Xs+Y = O = 0.
O

Observe that the same is true in the case where we also have a complete case pattern, i.e. S =
{ld], S(=1y, -+, S(—ay}, with d > 2, meaning that using the same strategy we can control R with the maximal
inconsistency. Related to this, it would be interesting to know if there is a case in which the incompatibility
value © controls R(Xg) both from above and below, meaning that © fully characterises R(Xg). In this regard,

we have the following:

Example 6. Consider S = {S_1), -+ ,S—q)} and ¥g = (Ig—1,...,14-1,A), where

1 61/2 0 0
61/2 1 62/2 0

0 - 0 0 e4/2 1

with ¢; € [-1,1]. Then,
1
R(Xs) =0 = = max |e].

2 ield—1]
Proof of Example 6. If we consider
1-0 /4 0o - 0 0 0 0
e/4 1-0 e/4 --- 0 0 0
M= c Rd’d,

0 0 - €-2/4 1—-0 ¢e41/4 0
0 0 0 €q—1/4 1—0 0
0 o .- 0 0 0 1-0

if & were feasible we would be able to conclude R(Xs) = 4 max;e(q |€;| being

1
> R(%s) >0 == .
©>R(Xs) >0 2Z_gdaj<1]|ez\
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Allis left to prove is that X is feasible. First, ¥ > 0 since it is diagonally dominant, being 1 —max;¢[q |€;]/2 €
[1/2,1] and €;/4 € [-1/4,1/4]. Finally, a generic element in Xg — AY. is given by

max;e(q) |€]/2 o /4 0 0 0
o1 /4 max;e(q l€;|/2 az/4 0 0
c Rd*l,d*l
0 0 0 Old—l/4 maxie[d] ‘61|/2

where o; € {#£e¢;,0}. This is again diagonally dominant since max;eq |€;]/2 > |o|/4 + |a41]/4 for all
j € [d— 1], by definition of the maximum. O

This example is particularly important since it clearly shows that, in this case, testing compatibility is
at least as hard as testing consistency. Indeed, © is a pointwise measure of consistency, and equals 0 if and
only if Xg is consistent. Nonetheless, the equality R(Xs) = © holds for a very specific subclass of Xg, while,
in general, there could be cases for which R(Xg) > 0, while © = 0.

Example 7. Consider S = {[d —2]U{d —1},[d —2]U{d}}. Call Sy and Sy the two patterns, respectively,

and suppose we observe the sequence of correlation matrices given by g = (Xg,, Xs,). If we call

Y= (s,)|1d-2 — (Bs,)|[d—2

where (Xs,)|[a—2] is the restriction of Xg, on the set [d — 2], fori € {1,2}, then
R(%s) 2 5[]
S) Z 2d *9

where || - ||« is the nuclear norm, also known as the Schatten-1 norm.

X Od_2 -X Od—2
Xo=1{{or o / \oZ 0 ’
d—2 d—2

where X € R¥=2:472 and || X ||z < 1/2. Observe that this choice of Xg is feasible since A*Xg = O = 0, and

X+ 3lia 04 X +2il40 049
o << of RS )=
d—2 d—2

since || X |2 < 1/2. Tt follows that

Proof of Example 7. Define

1 1
R(¥s) > sup ——(Xs,Xg)s= sup -
X=XT d X=XT d

1X2<1/2 1X[2<1/2

- 1 -
(X,5) = IS,
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where || - ||« is the nuclear norm and equality follows since the spectral norm and the nuclear norm are dual
with respect to the Frobenius inner product. O

Appendix B Another test under trace normalisation

In the main body we were dealing with the incompatibility measure R, which acts on correlation matrices,
normalised in a such a way that diagonal elements are all equal to one. Nonetheless, other standardisations
are possible, and these lead to different compatibility measures. In this section, we will define another mea-

sure of compatibility R(-), study its properties, and use it to define a testing procedure. Similarly to Table

1 in the main body, refer to Table 2 for all the new algebraic definitions needed in this section.

Notation Definition Meaning

tr: Mg = R | tr(Xs) = Z;l:l IS;|7t > ses, (Xs)jj Generalisation of the trace such that, if Xg
is compatible, then tr(X3g) is equal to the
trace of the underlying true covariance ma-

trix
7? {ZeP*:tr(X) =d} Set of PSD matrices with fixed scale
Ps {3s € P« tr(Xs) = d} Sequences of PSD matrices with scale fixed
Py {AY : X e P} Same as P¢, but ¥ has fixed scale

Table 2: Table with all the definitions needed in Appendix B.

The linear operator tr satisfies the following:

Proposition 20. The following hold:
(i) If we define X{ € Mg by taking X2 to be the diagonal matriz with (X3);; = 1/|S;|, we have
tr(Xs) = (Xs, X¢)s
for all Xs € Ms.

(ii) Suppose that Xs is consistent, meaning that (Xg,);;» = (Xs,);;» whenever S1,S2 € Sj;, and write

xpartial for the incomplete d x d matriz with (XPa4al),., = (Xg);5 for any S € S;jr. Then

tr(Xs) = tr(XP¥H) and  (Xs, Ys)s = (XP A*Y5)
for any Ys € Ms.

Proof of Proposition 20. Now for any X5 € Mg we see that

d
(X5, XQ)s = DY (Xs);5(XQ)55 = D181 Y Myjesy (Xs)j5 = tr(Xs),

SeSjes Jj=1 Ses

proving property (i). The first part of (ii) can be seen immediately from the definition of tr. For the second
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part, write
d
(Xe,Ya)s =) > (Xg)j5(Ye)jjr = > (XP00)0 N "1 jresy (V) = (XPH2L A*Yg).
Sesj,j’es g’ =1 Ses

O

Now, suppose that Xg is such that tr(Xs) = d, where tr(Xs) = Z?:l IS;|~1 > ses, (Xs)jj» with §; =
{§ €S:j€ S}, and define

. 1
R(%s) := SUP{—d<Xs, Ys)s 1 Xs + X§ =5 0, A* Xs = 0}.

This new measure of incompatibility has the following dual representation:

Proposition 21. For Xg € Ps we have
R(Zs) =inf{e € [0,1] : 5 € (1 — €)P? + €Ps}.
Proof of Proposition 21. As in the proof of Proposition 3, the strategy is to write this optimisation problem
Sup{—(li<X§, Ys)s : Xs + X§ =g 0, A* Xg = 0} (17)
in standard SDP form, prove that the dual problem is precisely

1
1-— 3 sup{tr(X) : ¥ € P*,3s — AY =g 0}, (18)

and then show that Slater’s condition is satisfied for the primal problem (17). Calling Ys = Xs + Xg , we
have that

1
sup{ — g<XS»ES>S : Xs + XSO =s 0, A" X5 = 0}

1 1 .
= Sup{—d<Y§7Zs>s+ p (X3,%s)s : Ys =5 0, A*Yg = Id}
ir(Xs)=d
=tr(2s)=

1
=1- dinf{(Yg,Zg>g :Ys =5 0,A"Ys — Z = I, for some Z = 0}.

We write this optimisation problem in standard SDP form as follows: enumerate S as {Si,...,S,}, and
define
Ys, - 0 0
X = : ,
0 Ys,
0o --- 0
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so that (Ys, Xs)s = (X, C), where

Ys, 0 0

C .= :
0 S, 0
0 0 0

As for the constraints, they are equivalent to X = 0 and (X, A7) = d;ir, for j, 3’ € [d], with

Es, jjr - 0 0
0 -+ Es,, jj 0

where Ej;i = (ejef + ej/ejr) /2 is the symmetric matrix of the same dimension as Z with its only non-zero
entries being in the (j,7')-th and (j',7)-th positions, and where Esjj» = (esje§ ; + es e ;)/2 is the
symmetric matrix of the same dimension as Yg with its only non-zero entries being in the (j,j')-th and

(j', j)-th positions of Yg. Then, the standard dual problem is
Sup{ D Yy Cm Y VA 0}
3,3 €ld] 3,5 €ld]

= sup{n(r) % - JA (Y +YT) a0, (v +Y7T) =0

= sup{tr(W) Y — AW =5 0, W = O},

where we made the substitution W = (Y 4+ Y7) /2 and used the fact that tr(W) = tr(Y)/2 4+ tr(Y7T)/2 =
tr(Y). This shows that (18) is the dual problem of (17). As in the proof of Proposition 3, the result
follows upon noticing that the primal problem (17) is strictly feasible, since Y5 = X g 0 is such that
A*Ys = I; =s I, which ensures that strong duality holds. O

As before, we can prove some properties for f%()
Proposition 22. The following hold:
(i) R is conver.
(i) R is continuos.
(iii) If S C'S' and Bs C By, then R(Xg) < d'R(Sy)/d, where d' = card(Uges'S) and d = card(UgesS).

Proof of Proposition 22. (i) and (ii) are essentially the same as in Proposition 4. To prove (iii), let ngl)
be a feasible point of {Xs + X =5 0, A*Xs = 0}, and define XS(?) = (X'S(l)70, .-+, 0), where we added a
compatible zero matrix O for every element in S® NS’. Then, )~(S(,2) +X$ =g 0is equivalent to Xél) +X0 =50
and ng\s =sn\s 0, which are satisfied, while A*,XS(?) = Agf(él) > 0, since XS(I) is feasible. Hence, XS(,Q) is
feasible for Zé% and the thesis follows from the fact that the normalising constant changes from 1/d to
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1/d’. Observe that the dual representation given by Proposition 21 allows proving the statement differently.
Indeed, let X =0 € R?4" be such that tr(X) = d’ and

Yo = (1 - N)Ag X + Ny,
where 3¢ =g 0 and N = R(Xs/). Then, since S C §', we can automatically write also Xg in this form as
s = (1 — N)AsE + \'3g,

where 3 results from deleting all rows and columns of ¥’ associated to every element i ¢ UgesS \ UgesS,
and is ensured to be non-negative definite by Cauchy interlacing theorem. Then, calling o7 the diagonal
elements of (1 — \)¥/,

B 1 2 1 2
R(ZS)Sl—E Z Uifl_g Z‘%‘(dl_d)

i€EUgesS iG[d’]

1_§@u_émwy4w—@):%éwm.

O

We conclude this section with one last example, where we come back to the measure R to show how

complex can it be even for very simple settings.

2 3

Figure 15: Graph associated to the pattern S = {{1, 2}, {1,3}}.

Example 8. Consider S = {{1,2},{1,3}}, which is associated to the graph in Figure 15, and suppose

without loss of generality that we observe

2 ~2 ~

» N (o P120102 » - g1 P130102
{1,2} = ) {1,3} = ~ 2
P120102 op)] P120102 o3

with 52 > o3. Let 0,¢ € [0,7/2] be such that cosd = o1/51 and cos ¢ = |p13|. Then we have
R(Z _ 1 ~2 2 1 2 .2 0 —
( S)—6(01 01)"‘3‘733111 ((0—=9)4).
Proof of Example 8. We prove this statement by giving an optimal choice of Xg for the primal problem and
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an optimal choice of ¥ for the dual problem. It turns out that the optimal Xg is of the form

ST

for A € R and v € R2. Given v € R?, we take A = 1/2 + 3v?/(1 + 3v3) as this is the maximal value for which
Xs + XS? =s 0. It is clear that A* Xg > 0, so this choice of A always leads to a feasible Xs. When ¢ > 0 we
will simply take A = 1/2 and v = 0 to recover the same feasible solution as for R and the simple lower bound
R(Xg) > (1/6)(6% — 0%). When ¢ = 0 (so that |p13| = 1) we take v = u(03/51, —sgn(p13)) with u — oo to
see that

R(e) > sup( g+ 1L )51 - ) = (1/0)(32 - o)+ (130301 — o350,

which matches our claim. When 6 > ¢ > 0 we choose

M (03/71) cos(f — @)
cos(#) sin(p) \ —sgn(pis)cos(d) |

)qln(e ¢) cos(0—¢) and

Using trigonometric identities, it can be seen that A = 1/2 + (03 /5 S (6) cos(8)

R(¥s) > —(1/3)(Xs, Xs)s

= (1/3){ 67 sin®(0) — vi55 — 201025103 cos(¢) sgn(p13) — v303 }

= %6% sin?(0) + éog(M{cos (0 — ¢) sin(0) sin(¢) — cos?(0 — ¢)
+ 2cos(f — ¢) cos(6) cos(¢) — cos®(6) }
:% sin?(0) + 30351n 20 — ¢).

We have now provided the required lower bound in all cases, and turn to the upper bound through the dual
problem. Start first with the case that ¢ > 6. Then 61|p13] < 01 so that

U% P120102 0103 1p13
— 2 J1p13
Y= P120102 o3 0203012 p
0103 g1 913 T203p12 1/)13 Ug

is a valid covariance matrix. We have

~2 9
ZSAZ—<(), o1—or 0 )50
0 0

so Y is feasible. Thus, when ¢ > 6, we have

1 G24+02 o240 1 1 .
R(¥s) <1-otr(%) = =o— + 22— — g(of + o3 + 03) = = (61 — o)
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as required. When ¢ < 0 we consider

J% P120102 0103 COS(9 — gb) Sgn(plg)
Y= P120102 O’g 0203012 COS(9 — ¢) sgn(plg) 5
o103 cos(0 — @) sgn(p13) o203p12 cos(0 — @) sgn(p13) o3 cos?(0 — ¢)

which is a covariance matrix so ¥ = 0. Clearly (AX),2) = Xyq,23. It follows from trigonometric identities
that

F103p13 — 0103 cos(0 — P) sgn(p13) = F103sgn(p13){cos(¢) — cos(f) cos(d — @)}
= 7103 sgn(p13) sin(0) sin(f — ¢)

so that

by — (AY) = o1 sin’(9) G103 sgn(pi3)sin(f) sin(6 — ¢)
1,3} 3 =\ 5,04 sgn(p13) sin(f) sin(6 — ) o2 sin®(0 — &) .

which is a covariance matrix so is positive semi-definite. Thus ¥ is feasible and when ¢ < 6 we have

62 +o0} o2+o03
6 3
1
= 561 —ol) + gsin’(0 - 9),

1 1
R(Xs) <1- gtr(E) = - g{af + 03 + 03 cos’(0 — ¢)}

as required. O

Now, the goal of this subsection is to develop an analogous oracle test for the measure R, under the usual
hypothesis of ¥g =g cls, with ¢ > 0. In this case, the maximum is attained in the set

He = {Xs+ X§ =5 0,A* X5 = 0, (Xs + X&, cls)s < d},

hence the only difference with F. is that A*Xg +Y > 0 for some Y € ) is substituted by A*Xg = 0.
Hence, since in the previous subsection we discarded the condition A*Xg + Y > 0 for some Y € ), if we
now discard A*Xgs > 0, all the previous steps remain valid for controlling P, (R(ig) > Ca), so that we
can again reduce this problem to bounding maxgcs ||§35 — Xgl|2, with the only difference that now ¥g are
the population covariance matrices and f]s are the corresponding sample covariance matrices, which makes
the problem slightly easier in light of standard concentration inequalities (e.g. Theorem 6.5 in Wainwright
(2019)). In this regard, repeating the same steps that lead to the proof of Theorem 6, we can prove the
following result, which gives the right separation to test compatibility based on R. Of course, this could be

generalised easily to include a test for the consistency of the variances based on V(O’é).

Proposition 23. Suppose we observe Xg1,...,Xgsng S Pg,VS € S independently, where each Ps is
v-subgaussian with v > 1, with the sequence of population covariance matrices Xs satisfying tr(Xs) = d, and
Ys =g cls, for a given ¢ > 0. Let f)g be the sequence of sample covariance matriz associated to each pattern

S €S, ng the sequence of sample sizes, and suppose that also iS are normalised so that t_r(is) =d. Then,
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for all « € (0,1), the test that rejects Hy if and only ij%\ > Cy has Type I error bounded by «, where

2
.o Gt 18I los(SI/a) | 18]+ loa([Sl/a)
c SeS ng ns

and C1 > 0 is a universal constant. Moreover, for 8 € (0,1), if R(Xs) > Cy + Cg, then IE”(}AB < C,) <B.

The proof is essential analogous to the one of Theorem 6, except for the fact that now we used a standard
concentration inequality for covariance matrices (see Proposition 28 in Appendix D) in place of Proposition

7. Also, observe that the separation rate in this case is slightly better than the one we found in Theorem 6,

€ < e | 151+ o881/ @).
Ses ns

|S| for all |S| € S, which is necessary to have a consistent test. As far as the drawbacks are

being of the order of

under ng 2
concerned, notice that here we need to normalise the sample covariance matrix a priori, so that tfr(flg) =d,
which is somehow annoying. What is even more disturbing is the hypothesis that the subgaussian proxy v
needs to be significantly bigger than one, due to the fact that for a r-subgaussian random variable X we
have Var[X] < v2. Hence, the hypothesis v? > 1 is necessary to have a little flexibility in the variances,
while still satisfying t_r(ZA)S) = d. There is no reason to assume that 2 > 1, so that this is another point in
favour of the incompatibility measure R. As before, Proposition 23 can be used to derive a test based on R

which uses sample splitting. Repeating the steps which lead to Proposition 8, we can prove the following:

Proposition 24. Suppose we observe Xg1,...,Xgsng b Pg,VS € S independently, where each Ps is
v-subgaussian with v > 1, and that Xg >=s 0. Then, we partition the data into two parts, X1 and X, and
use Xy to find the optimal )?S(l) based on the estimate ig), and Xy to produce the independent estimates
iéz) and find the sample sizes ng. For a € (0,1), define Co(X1) > 0 by

S(1
Ca(Xr) = e| XVl 5/d,
where € is such that

v 181 om0l 151 + 1os((51/a)
Ses ng ns

Then, the test that rejects Hy if and only if —%()/(\'S(l), §é2)>§ > Co(X1) has Type I error bounded by «.

This test leads to a testing separation rate of the order of

(1
X s [IS] 4 log(IS]/a)
~Y d )

Ca (1) Ses ng

with high probability. As in Proposition 6, also these tests can be slightly modified to include a term that

checks consistency of the variances, based on the population measure of inconsistency V (o3).
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Appendix C Auxiliary results in SDP

Semi-definite programs are linear optimisation problems over spectrahedra, i.e. sets of the form

S:{($17...,$m)GRmZAo-I-ZAiJJiEO},

i=1

for some given symmetric matrices Ag, Ay, ..., A,,. An SDP problem in standard primal form is written as

minimize (C, X)

subject to X =0 and (A4;, X)=0b;, i€ [m],

where C| A; are given symmetric matrices, and b; are given scalars. For every semi-definite program in
primal form, there is another associated SDP, called the dual problem, that can be stated as

maximize b7y

subject to  YI", Ay < C,

where b = (by,...,bn), and y = (y1,...,Ym) are the dual decision variables. As in linear programming, the
so-called weak duality holds, meaning that if X and y are any two feasible solutions of the primal and dual

problems respectively, we have

m

m
(C,X) ="y = (C,X) = > i (A, X) = <C’ - ZAiyi,X> > 0.
i=1 i=1
Unfortunately, the equality is not always satisfied in general (see Example 2.14. in Blekherman et al. (2012)),
but under some mild conditions, strong duality holds. One of such conditions is Slater’s condition, where
either the primal or the dual problem is required to be strictly feasible, meaning that there exists either X > 0
for the primal problem satisfying (A4;, X) = b;, for i € [m], or y for the dual satisfying >\, A;y; < C. If
this is the case, it can be shown that strong duality holds (Theorem 2.15. in Blekherman et al. (2012),
Theorem 3.1. in Vandenberghe and Boyd (1996)). Furthermore, if the primal is strictly feasible, then the
dual optimum is attained, and viceversa. In the proof, we show that it is possible to define R as the optimal
value of an SDP problem written in primal form, find its dual and show that Slater’s condition is satisfied.
This, apart from enabling us to prove Proposition 3, ensures that R can be computed explicitly using
standard SDP libraries, which are available for almost all programming languages. As for the computational
cost, for SDP problems in their general setting, without extra assumptions like strict complementarity, no
polynomial-time algorithms are known, and there are examples of SDPs for which every solution needs
exponential space (Khachiyan and Porkolab, 1997). Moreover, Ramana (1997) showed that SDP lies either
in the intersection of NP and co-NP, or outside the union of NP and co-NP, and nothing better than this is
known. Luckily, if Slater’s condition is satisfied, like in our case, then the primal-dual interior point method
has a computational complexity which is polynomial in the number of constraints and the dimension of the
unknown square matrix (Section 6.4.1. of Nesterov and Nemirovskii (1994), Section 5.7. of Vandenberghe

and Boyd (1996)), which ensures that R can be always computed efficiently without additional assumptions.
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Finally, we recall Farkas’ lemma for SDP problems, and its proof, following Lemma 6.3.2 in Lovdsz (2003).

Proposition 25 (Farkas’ lemma for Semi-definite Programming). Let A;,..., A, be symmetric m X m
matrices. The system
£L'1A1++£L’nAn =0

has no solution in x1,...,x, if and only if there exists a symmetric matriz Y # 0 such that
(A1,Y)=0
(A2,Y) =0
(4,,Y)=0
Y = 0.

Proof. The set P;;, of m x m positive semi-definite matrices forms a closed convex cone. If
£L'1A1++£L’nAn =0

has no solution, then the linear subspace £ of matrices of the form z14; + ...z,A4, is disjoint from the
interior of P%,, which in turn implies that £ is contained in a hyperplane that is disjoint from the interior of
P . This hyperplane can be described as {X € P}, : (Y, X) = 0} for a certain symmetric Y, where we may
assume that (Y, X) > 0 for every X € P* . Then, since a matrix A is positive semi-definite if and only if
(A, B) > 0 for every positive semi-definite matrix B, we conclude that Y # 0, Y = 0, and, since A; belong
to L, that (4;,Y) = 0. O

Appendix D Technical inequalities

Proposition 26 (Tail bound for a sum of subexponential RVs). Consider an independent sequence {Xy},_,
of random variables, such that Xy has mean py, and is sub-exponential with parameters (vy,ay). Then,

Sory (Xk — pi) is sub-ezponential with the parameters (v., ), where

oy = max o« and vy =
=1,...,n

n
2
Z V>
k=1

and

3\*—'

_n2¢ P
v2 Vs
> 2e v fOTOStSE

( i (Xk — )

Proof. See Proposition 2.9. in Wainwright (2019). O

2
v

2ok —
2e” fort > =

Proposition 27 (The square of a subgaussian is subexponential). If X is o-subgaussian, then X? is subex-

ponential with parameters (v, a) = (4v/202,40?).
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Proof. Using the definitions of the Orlicz norm || - ||y, and || - ||y, (see Wainwright (2019); Vershynin (2019)),
it is easy to prove that the product of two subgaussian RVs is subexponential (Lemma 2.7.7. in Vershynin
(2019)), and that X is subgaussian if and only if X2 is subexponential (Lemma 2.7.6. in Vershynin (2019)).

As for its subexponential parameters, assuming WLOG that X has mean zero, we know that

1y 2

E [e}M] < e2? o' forall A €R.

Our goal is to find a similar bound for the moment generating function of X2, and, to this aim, we will make

use of the fact that the moments of X are bounded as follows
E[|X|"] <r27/26"T(r/2), forallr >0,

where T'(r) is the Gamma function. Now, calling u = E[X?], by power series expansion and since I'(r) =

(r — 1)! for an integer r, we have

]E{e,\(x )} AR [X2 g +Z,\TE —p)"]

N'E [| X"
cre gl

r=2 r=2

8A2g*
_ ror+1 2r
_1+TE:2/\2 o —1+71_2)\02.

T r 27

By making |A| < 1/402, we have 1/ (1 — 2A0?) < 2. Finally, since for every a € R it holds 1 + a < e, we
have that the MGF of X? satisfies

E {eA(XZ*]E[XQ])} A S | Al <1/ (407).

Thus, we obtained a bound for the moment generating function of the subexponential variable X?2, that is

similar to that of subgaussian variables but holds only for a small range of . O
Proposition 28 (Concentration inequality for Covariance Matrices). Let Xy,...,X,, be an i.i.d sequence
of o-subgaussian random vectors with covariance matric X and let EA]” = %Z?:l X, XT be the sample

covariance matriz. Then there exists a universal constant C' > 0 such that, for § € (0, 1), with probability at
least 1 — 9

n n

~ log (2 log(2
5, - 51, chgmax{ d+10g(2/6) d+log( /6)}_

Proof. We break the proof up into two steps: use a discretisation argument to reduce the problem to the
task of computing the maximum of finitely many random variables, and then use standard concentration
inequalities. Firstly, let A € S9%¢ and let N, be an e-net of the d-dimensional sphere S4~!. Then

1
14]l2 < 3= max[y" Ay| .
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Indeed, let y € N, satisfy ||z — y|| < e. Then

|zAx — yTAy| = |1’TA(I —y)+ yTA(l’ - y)|
<|z"A(z —y)| + [y" Az — y)|

Looking at |27 A(z — y)| we have

|27 A(z — )| < | Az —y) | ||zl
< [1All2 = =yl |||
< =1

< [|All2e

Applying the same argument to |yTA(33 - y)| gives us ‘.TALE - yTAy‘ < 2¢||A|l2- To complete the proof,
we see that ||As = max,ega— 27 Az < 2¢[|Al|2 + max,en, yT Ay. Rearranging the equation gives ||All2 <
ﬁ maxyen, y! Ay as desired. Then, if we apply this result to S, — % with e = 1/4 we have

IS, = 2|2 < 2 max
’UEN1/4

T (f)n — E) v’

Additionally, we know that card(Ny,4) < 9% (see Lemma 5.7 and Example 5.8 in Wainwright (2019). From

here, we can apply standard concentration tools to get

P (||§3n =Xz = t) <P (v?ﬁ};

T (in — E) v‘ > t/2)

viT (in - E) v;| > t/2> ,

< card(N1/4) -P (

~

where v; is a unit vector on the d-dimensional sphere. Now, v} (En — E) v; can be rewritten as

o (B0- %) w= 230 (%) - E[(X,)]
j=1
_ %sz ~E(z],
j=1

where the Z; — E[Z;] are independent subexponential of parameters (v,a) = (4\/502,402)7 since v} X;

are o-subgaussian by definition of subgaussian random vector. Applying the subexponential tail bound in

>t/2)<2€ —nmin t ) _t
=t2) = 2exp 1602) 1602 ( (-
IP’(HE -3 >t> <2-9%exp{ —nmin t i _t

nT =t = P 1602 ) 1602 ([
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Proposition 26 gives us

P

viT (in — 2) ;

so that



Inverting the bound gives the desired result. For further reference, please refer to Chapter 3 in Wainwright
(2019). O
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